
STRUCTURE OF NORM CONTINUOUS

QUANTUM MARKOV SEMIGROUP

Franco Fagnola

joint work with J. Deschamps, E. Sasso, V. Umanit�a arxiv1412.3239

Algebraic and Analytic Aspects of Quantum Lévy
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Quantum Markov Semigroup (QMS)

T = (Tt)t≥0, Tt : B(h)→ B(h) linear, completely positive,

(semigroup) Tt+s(x) = Tt(Ts(x)), T0(x) = x
(unital) Tt(1) = 1

(normal) xα ↑ x ⇒ Tt(xα) ↑ Tt(x)
(norm-continuous) limt→0 sup‖x‖≤1 ‖Tt(x)− x‖ = 0

(generator) L(x) = limt→0 t
−1 (Tt(x)− x)

Problem & Applications

Pr classify QMS with non-trivial decoherence-free subalgebras
A1 structure of invariant states
A2 characterisation of decoherence-free subsystems
A3 characterisation of decoherence-free subspaces



Decoherence-free subalgebra N (T )

Def. x ∈ N (T ) if and only if

Tt(x∗x) = Tt(x∗)Tt(x), Tt(xx∗) = Tt(x)Tt(x∗) ∀ t ≥ 0

Properties

1. N (T ) is Tt-invariant ∀t ≥ 0,

2. ∀ x ∈ N (T ) and y ∈ B(h),

Tt(x∗y) = Tt(x∗)Tt(y) and Tt(y∗x) = Tt(y∗)Tt(x),

3. N (T ) is a von Neumann subalgebra of B(h).



Thm (GKSL)

L(x) = G∗x+ Φ(x) + xG, where Φ(x) :=
∑
`

L∗`xL`

1. G, L` ∈ B(h), G∗+
∑
`

L∗`L` +G = 0,

2.
∑
`

L∗`L` strongly convergent,

3. G = −2−1∑
`L
∗
`L` − iH with H self-adjoint

Characterisation

N (T ) = {x ∈ B(h) | Tt(x) = eitHx e−itH ∀ t ≥ 0}
= {δ(n)

H (L`), δ
(n)
H (L∗`) | n ≥ 0, ` ≥ 1}′

δ
(0)
H (L`) = L`, δ

(1)
H (L`) = [H,L`], δ

(2)
H (L`) = [H, [H,L`]], ...



Prop. The center Z(N (T )) = {y ∈ N (T ) | [y, x] = 0 ∀x ∈ N (T )}
is contained in the set of fixed points

F(T ) = {x ∈ B(h) | Tt(x) = x ∀t ≥ 0} .

Rem. 1. F(T ) may not be an algebra
2. F(T ) may not contain or be contained in N (T )
3. projections p ∈ F(T ) belong to N (T )
4. F(T ) ⊆ N (T ) iff F(T ) is an algebra
5. if ∃ ρ faithful, normal T -invariant, F(T ) is an algebra

Prop. Projections p ∈ F(T ) commute with L` and H. Thus

Tt(xp) = Tt(xp), Tt(px) = pTt(x), ∀t ≥ 0, x ∈ B(h).

(by 0 = L(p) = L(p2) = pL(p) + L(p)p+
∑
` |[L`, p]|2 ...)



Prop. The center Z(N (T )) = {y ∈ N (T ) | [y, x] = 0 ∀x ∈ N (T )}
is contained in the set of fixed points

F(T ) = {x ∈ B(h) | Tt(x) = x ∀t ≥ 0} .

Structure of N (T ) structure of T

Assumption (atomicity)

- N (T ) = ⊕i piN (T ) pi

- pi minimal projections in Z(N (T )) s.t.
∑
i pi = 1l

- piN (T ) pi type I factor.



The case N (T ) type I factor

Thm. N (T ) type I factor ⇒ there exist Hilbert spaces k and m,
U : h→ k⊗ m unitary, a GKSL representation of L by L`, H s.t.

UN (T )U∗ = B(k)⊗ 1lm

UL`U
∗ = 1lk ⊗M` UHU∗ = K ⊗ 1lm + 1lk ⊗M0

with

1. M` operators on m s.t.
∑
`M
∗
`M` is strongly convergent,

2. K self-adjoint operator on k and M0 self-adjoint on m.



The case N (T )N (T ) type I factor

N (T ) ⇒ ∃ Hilbert spaces k and m, U : h→ k⊗ m unitary s.t.

UN (T )U∗ = B(k)⊗ 1lm

If x is in N (T ), then

U∗xU = xk ⊗ 1lm

with xk operator on k.

UL`U
∗, UL∗`U

∗ commute with all operators xk ⊗ 1lm then

UL`U
∗ = 1lk ⊗M` UL∗`U

∗ = 1lk ⊗M∗`



N (T ) factor: decomposition

T̃t : B(k)⊗ B(m)→ B(k)⊗ B(m), T̃t(a⊗ b) := UTt(U∗(a⊗ b)U)U∗

T̃t(a⊗ b) = eitKa e−itK ⊗ T m
t (b) ∀ a ∈ B(k), b ∈ B(m),

Generator L̃

L̃(a⊗ b) = iδK(a)⊗ b+ a⊗ L̃m(b)

where δK(a) = [K, a] and

δK ◦ L̃m = L̃m ◦ δK



Noiseless / purely dissipative decomposition

T̃t(a⊗ b) = eitKa e−itK ⊗ T m
t (b)

noiseless purely dissipative

Noiseless and purely dissipative factors are “independent”

If N (T ) = ⊕i piN (T ) pi with
pi minimal projections in Z(N (T )) such that

∑
i pi = 1l.

Tt(xpi) = Tt(x)pi L(pix) = piL(x) ...

the same factorisation for each reduced semigroup

T (i)
t (pixpi) := piTt(x)pi

holds and we find a noiseless / purely dissipative decomposition
for the whole T .



T̃t(a⊗ b) = eitKa e−itK ⊗ T m
t (b)

noiseless purely dissipative

N (T m
t ) = C1lm

Def. A Quantum Markov Semigroup T is irreducible if Tt(p) ≥ p,

p projection, ⇒ p = 0 or p = 1l.



Structure of normal invariant states

Suppose

1. there exists a faithful normal invariant state ρ
2. (for simplicity) N (T ) = B(k)⊗ 1lm is a factor

Prop. The QMS (purely dissipative) T m is irreducible.

Sketchy proof

1. ⇒ F(T ) ⊆ N (T )

T m
t (p) ≥ p ⇒ Tt(1lk ⊗ p) = 1lk ⊗ T m

t (p) ≥ 1lk ⊗ p
tr(ρ(Tt(1lk ⊗ p)−1lk ⊗ p)) = 0 ⇒ Tt(1lk ⊗ p) = 1lk ⊗ p ∈ F(T )

1lk ⊗ p ∈ N (T ) ⇒ 1lk ⊗ p = q ⊗ 1lm ⇒ p = 1lm

Cor. T m has a unique faithful normal invariant state τ .



Structure of invariant states 2

Tt(a⊗ b) = eitKa e−itK ⊗ T m
t (b)

Thm. Suppose that there exists a faithful normal invariant

state ρ. Any normal T -invariant normal state η is

η = σ ⊗ τ

where τ is the unique (faithful) T m-invariant normal state and σ

is a normal state on B(h) with density belonging to {K}′.



Proof.

Step 1. Partial traces ρk, ρm of ρ on each factor are invariant

states of the factor semigroups.

Step 2. e−itKρke
itK = ρk ∀t ≥ 0 ⇒ K pure point spectrum

Step 3. F(T m) = N (T m)(= C1lm) implies

lim
t→∞

T m
∗t (ω) = trm(ω) τ



Step 4. Kfj = αjfj

η =
∑
j,k

|fj〉〈fk| ⊗ ηjk

η = T∗t(η) =
∑
j,k

ei(αj−αk)t|fj〉〈fk| ⊗ T m
∗t (ηjk)

Step 5. η = t−1
∫ t

0
T∗s(η)ds

≈
∑

j,k αj 6=αk

ei(αj−αk)t − 1

i(αj − αk)t
|fj〉〈fk| ⊗ T m

∗t (ηjk) (t→∞)→ 0

+
∑

j,k αj=αk

|fj〉〈fk| ⊗ T m
∗t (ηjk) →

∑
j,k αj=αk

trm(ηjk)|fj〉〈fk| ⊗ τ



N (T )N (T ) not a factor

N (T ) = ⊕i piN (T ) pi

pi minimal projections in Z(N (T )) such that
∑
i pi = 1l.

h =
⊕

i
ki ⊗ mi, L =

∑
i

(
i [Ki, · ]⊗ IdB(mi)

+ IdB(ki)
⊗ Lmi

)

Invariant states∑
i

λi σi ⊗ τi, λi ≥ 0,
∑
i

λi = 1



Decoherence free subsystems

Intuitive idea: there is a certain decomposition

h = (hdf ⊗ hF )⊕ hR

and the evolution of states supported on hdf is unitary.

Decoherence free subspace when hF ' C.

Def. hdf supports a decoherence free (df) subsystem for some T
iff for all initial state ρ = ρdf ⊗ ρF , its evolution is given by

T∗t(ρ) =

(
UtρdfU

∗
t ⊗ T F∗t (ρF ) 0

0 0

)

where Ut is a unitary operator on hdf and T F QMS on B(hF ).



Decoherence free subsystems

N (T ) = ⊕i piN (T ) pi

pi minimal projections in Z(N (T )) such that
∑
i pi = 1l.

h =
⊕

i
ki ⊗ mi, L =

∑
i

(
i [Ki, · ]⊗ IdB(mi)

+ IdB(ki)
⊗ Lmi

)

h = (hdf ⊗ hF )⊕ hR, T∗t(ρ) =

(
UtρdfU

∗
t ⊗ T F∗t (ρF ) 0

0 0

)

kiki are all dfdf subsystems



dfdf subspaces

Def. A subspace hdf of h is decoherence-free if there exists a

self-adjoint R on h with Rhdf ⊆ hdf s.t. for all normal state η with

support in hdf we have

T∗t(η) = e−itRη eitR, ∀t ≥ 0.

Prop. Suppose that: N (T ) is an atomic algebra, ρ faithful

normal T -invariant state, Ki has pure point spectrum for all

i ∈ I, h ' ⊕i∈I(ki ⊗ mi). If hdf ⊆ h is a maximal dfdf subspace with

Hamiltonian R having a discrete spectrum, then

hdf ' ⊕i∈J(ki ⊗ mi) ' ⊕i∈J ki

for J = {i ∈ I | dim(mi) = 1} and R = ⊕i∈JKi



dfdf subspaces

Indeed, for a factor piN (T )pi,

T (i)
∗t (ωi ⊗ τi) = e−itKiωie

itKi ⊗ T mi
∗t (τi)

T mi
∗t (τi) 6= e−itSiτie

itSi for some self-adjoint Si unless dim(mi) = 1



References

J. Agredo, F. Fagnola and R. Rebolledo, Decoherence free sub-

spaces of a quantum Markov semigroup, J. Math. Phys. 55

(2014) 112201 dx.doi.org/ 10.1063/1.4901009

B. Baumgartner and H. Narnhofer, The structure of state space

concerning quantum dynamical semigroups. Rev. Math. Phys.

24 (2012) 1250001.

J. Deschamps, F. Fagnola, E. Sasso and V. Umanità Structure of
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