Hierarchies below
the Halting Problem
for additive machines
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The additive BSS machines

Computation instructions:
br By — Zj + Zy,
& Zz : Zj — Z;i;,
l: Z; = c,
Branching instructions:
l: if Z; = 0 then goto [; else goto /s,
l: if Z; = 0 then goto §; else goto Iy,
Copy instructions:
A ij e ijg
Index instructions:
bz Ay :
Iz Ij — Ij —+ 1,
l: it 1; = I, then goto [; else goto Is.
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The reduction by oracle machines

M.,qa additive BSS machines
M machines in M,qq using only the constants 0 and 1

M.iq machines in M}, performing only tests Z; = 0
M!q(O) M., 4-machines using @ C U;>1 IR* in
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The reduction by oracle machines

M.,qa additive BSS machines

M machines in M,qq using only the constants 0 and 1
M. machines in M}, performing only tests Z; = 0
Ml ,(©O) M!,;-machines using @ C U;>; IR in

of (Z1,...,425) € O then goto l; else goto I
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The reduction by oracle machines

M.,qa additive BSS machines
M machines in M,qq using only the constants 0 and 1
ML machines in M}, performing only tests Z; = 0
Ml ,(©O) M!,;-machines using @ C U;>; IR in
of (Z1,...,425) € O then goto l; else goto I
A3 B Ui>1 R*
A is easier than B,
A is decidable by a machine in M} ,(B)

A is strictly easier than B,

B cannot be decided by a machine in M}, (.A)
A=<B&BXA
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The reduction by oracle machines

M.,qa additive BSS machines
M machines in M,qq using only the constants 0 and 1
ML machines in M}, performing only tests Z; = 0
Ml ,(©O) M!,;-machines using @ C U;>; IR in
of (Z1,...,425) € O then goto l; else goto I
A3 B Ui>1 R*
A A DB A is easier than B,
A is decidable by a machine in M} ,(B)

AR B A is strictly easier than B,

B cannot be decided by a machine in M}, (.A)
A=B A=<B&B<XA

— For the Halting Problems: IH.; < H!,, =< H,qqa.
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The question and a first hierarchy

[Meer and Ziegler 2008]: Ot H. 7

[GaBner 2008]: @ = I[q]—é ]L27—5 ..

IL = Unzl IL??

L,=4{(z1,...,z,) € R"|
(EI(QO: ce e Qn— 1) = (Q )(QO _i_zz 1 qiX; _33?7)}

We have
Q=L Z LR - XL < Hyg = Hygq < Haga.
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The second hierarchy

1 = 2,pe2 = 3, ... an enumeration of the prime numbers.
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The second hierarchy

1 = 2,pe2 = 3, ... an enumeration of the prime numbers.

M,; recognizes IR\ {\/pi}:
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The second hierarchy

1 = 2,ps = 3,... an enumeration of the prime numbers.
M; recognizes IR\ {./Pi}:

Input: & € IR;

if x < 0, then halt;

for all 5 € IN" do {
forallr =0,...,7 — 1do {

q =g —T;
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The second hierarchy

1 = 2,pe2 = 3, ... an enumeration of the prime numbers.

M,; recognizes IR\ {\/pi}:
Input: z € IR;
if x < 0, then halt;

for all 5 € IN" do {
forallr =0,...,7 — 1do {
q =g —T;
if (z < ¢ and g; < p;) or (x > gandgé > p,) then halt;
}
¥
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The second hierarchy

P; = {(1,z,code(M;)) € Hygq | © € R\ {{/Pi}},
H; = H);g UUj<; Py,
=

1=
Hoq <H; <Hy < - <H .

R\ A{vPi} ={Pi} 2A(/Pr,---,/Pi)} =Uj<i P

IH; decidable by a machine in M}, ,(O)
= IP;U- - -UIP; decidable by some machine in M! ,,(O),
= {(\/P1, - - -, +/Pi)} decidable by some machinein M, (O’
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The second hierarchy

Lemma. S C IR decidable by M € M}, (IH. ).
= dn,m &€ IN":
M rejects /2 and 7 or M accepts the both inputs.
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The second hierarchy

Lemma. S C R decidable by M € ML, (IH1,).
= dn,m &€ IN":
M rejects /2 and 7 or M accepts the both inputs.

Proof. 1. For any path P of A there is a finite system

kvt +dp, 20 and Ez+1l,>0,
(ki + 11, ..., kjxz + 1;j,code(N)) € Hig,
(j,klx—l—ll,.. ,k;jx + 1;, code(N)) %]Hadd (k;, l;, € Z)
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The second hierarchy

Lemma. S C R decidable by M € ML, (IH1,).
= dn,m &€ IN":
M rejects /2 and 7 or M accepts the both inputs.

Proof. 1. For any path P of A there is a finite system

kvt +dp, 20 and Ez+1l,>0,
(ki + 11, ..., kjxz + 1;j,code(N)) € Hig,
(j,klx—l—ll,.. ,k;jx + 1;, code(N)) %]Hadd (k;, l;, € Z)

which is satisfied by x € IR iff P is traversed by .
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The second hierarchy

Lemma. S C R decidable by M € ML, (IH1,).
= dn,m &€ IN":
M rejects /2 and 7 or M accepts the both inputs.

Proof. 1. For any path P of A there is a finite system

kvt +dp, 20 and Ez+1l,>0,
(ki + 11, ..., kjxz + 1;j,code(N)) € Hig,
(j,klx—l—ll,.. ,k;jx + 1;, code(N)) %]Hadd (k;, l;, € Z)

which is satisfied by x € IR iff P is traversed by .
2. dAng, me € INT: %%7? and /2 satisfy the same system.
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The second hierarchy

=3

{2} is not decidable by a machine in M}, (H. ).

1dd U {r}
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The second hierarchy

=3

{2} is not decidable by a machine in M}, (H. ).

1dd U {r}

Lemma. For any 1 > 1,
{/Piz1} is not decidable by a machine in M} (IH;).

Proposition 1.
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The third hierarchy for i>2

Hspe(:(Mglidd(O)) :{kM < H\T+ | M = Mfli.dd(o) & M halts on ]{?M}
kg = 210deMI ¢ and bin(ea) = code(M).
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The third hierarchy for i>2

Hspe(:(Mglidd(O)) :{kM < H\T+ | M = Mfli.dd(o) & M halts on ]{?M}
kg = 210deMI ¢ and bin(ea) = code(M).
c; = 1 and, for ¢ > 2,
- (1 if j € Hypee (ML (IH791)
. — §°00 ) — . — spec add add
G =xim oyl a iO otherwise,
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The third hierarchy for i>2

Hspe(:(Mglidd(O)) :{kM < H\T+ | M = Mfli.dd(o) & M halts on ]{?M}
kg = 210deMI ¢ and bin(ea) = code(M).
c; = 1 and, for ¢ > 2,
- (1 if j € Hypee (ML (IH791)
. — §°00 ) — . — spec add add
G =xim oyl a iO otherwise,

= HY, =Unsi{(n,x,code?(M)) | (n,z,code(M)) € Huaql.

™ codel” (M) starts with i
ci,Ca,...,c; are encoded by 1,2, ...
constants in R \ {¢y, ¢, ..., ¢;} by themselves
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The third hierarchy for i>2

Hypee(ML14(O)) ={kp € N7 | M € M 1,(O) & M halts on ka}
kg = 210deMI ¢ and bin(ea) = code(M).
c; = 1 and, for ¢ > 2,
;= {1 if j € Hapeo(Maaa(Hada ™))

& — Sar 4 T 1O .
! J=17 ’ 0 otherwise,

H, —Un>1{(n,$,code(i)(M)) | (n,x,code(M)) € Hyqq}-
= HZ 7 = Unz1 {(n, 2, code (M) € Hygdy | M € Mg}

codel? (M) starts with 4
ci,Ca,...,c; are encoded by 1,2, ...
constants in R \ {c1, co, ..., ¢;} by themselves
- ML machines using only the constants ¢q, ..., ¢;
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The third hierarchy for i>2

Hspe(:(Mglidd(O)) :{kM < H\T+ | M = Mfli.dd(o) & M halts on ]{?M}
kg = 210deMI ¢ and bin(ea) = code(M).
c; = 1 and, for ¢ > 2,
- (1 if j € Hypee (ML (IH791)
. — §°00 ) — . — spec add add
G =xim oyl a iO otherwise,

B =Ups1{(n,z,code? (M)) | (n, 2, code(M)) € Haaq}-
HZi "% =Ups1{(n, &, code (M) € H{Yy | M € M7},
codel? (M) starts with 4

ci,Ca,...,c; are encoded by 1,2, ...

constants in R \ {c1, co, ..., ¢;} by themselves
machines using only the constants ¢y, ..., ¢;
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The third hierarchy for i>2

Hgpee(M!14(O)) is not decidable within M} ,,(O).

Hgpoe (ML q(IH 5777 1)) is decidable within MY, (THSY;9).
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The third hierarchy for i>2

Hgpee(M!14(O)) is not decidable within M} ,,(O).
Hgpoe (ML q(IH 5777 1)) is decidable within MY, (THSY;9).

N;: Input: © € IR; ¢ = ¢;;
ferall 4 =1,2;..: 864
g = 1)~
if 7 =x and ¢ > 1 then halt;
if ¢ > 1 then ¢ :=c— 1;

1
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The third hierarchy for i>2

Hgpee(M!14(O)) is not decidable within M} ,,(O).
Hgpoe (ML q(IH 5777 1)) is decidable within MY, (THSY;9).

N;: Input: © € IR; ¢ = ¢;;
ferall 4 =1,2;..: 864
g = 1)~
if 7 =x and ¢ > 1 then halt;
if ¢ > 1 then ¢ :=c— 1;
+
= {(1,z,code(N;)) | NV; halts on 2} C H ;¢
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The third hierarchy for i>2

Proposition 2. ]IIddd;é IH L ”f—< IH;‘Qd = 10% H,qaq, 2 > 1.
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The third hierarchy for i>2

(4) C1,-205C3

Proposition 2. ]IIddd—< Hygq " 2 Hada =aba™” Haaa, 7 > 1.

I[_I dd — ]I_Ighglz — ]I_IEESQ €3 — v —> H—Iadd —> U&>1 I[_Iadd
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The third hierarchy for i>2

c1, (2) __ecu,..

Proposition 2. ]IIddd—< ]IIadd’ = Hy g =45

Hisa — Haigsd — Hagd™™® ce o —THL
" Ny
(2)

]I_Iadd N ]I_Iadd

1.k; Teductions by using the constants kq, ..., k;
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The third hierarchy for i>2

Proposition 2. ]IIddd—< IH L ¢ IHE(M%d =_4qi"

HSY, — HY2 — HEY2S s ... 5 HY;o

N AN

co add c3 add <1

Halting Problems for the additive machines
constants are encoded by themselves
1.k, Teductions by using the constants kq, ..., k;

i1 reductions by any additive machines
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Hierarchies below the Halting Problem
for additive machines

Thank you for your attention!

Christine GalBner
Greifswald.

Thanks also to
Volkmar Liebscher,

Rainer Schimming.
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