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A general BSS model over arbitrary structures



Some known models of computation

Turing machines Turing machines over over {0, 1}{0, 1} (and a blank symbol)(and a blank symbol)

TypeType--11
TypeType--22

Meaning: Meaning: 
theory of computability and theory of complexitytheory of computability and theory of complexity

Register machines Register machines over over {{aa1 1 ,,……, , aakk}, }, ℕℕ,, ℝℝ ,,……

Finite dimensional machinesFinite dimensional machines
Infinite dimensional machinesInfinite dimensional machines

Offline Offline 
OnlineOnline

Meaning:Meaning:
simple models for existing computers and theory of complexitysimple models for existing computers and theory of complexity
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Minsky (1961), Scott (1967), Blum/Shub/Smale (1989),… (offline):

Some known models of computation
offline / online
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1.    The classical register machines and the BSS model1.    The classical register machines and the BSS model

InputInput
procedureprocedure

OutputOutput
procedureprocedure

executed until stop criterion  executed until stop criterion  

A programA program((xx11,,……, , xxnn)) ((yy11,,……, , yymm))
xx f f ((xx))



Minsky (1961), Scott (1967), Blum/Shub/Smale (1989),… (offline):

Cook/Reckhow (1973), Aho/Hopcroft/Ullman (1974),… (offline / online):

suitable inputs or suitable inputs or 
codes of objectscodes of objects

Some known models of computation
offline / online
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InputInput
procedureprocedure

OutputOutput
procedureprocedure

executed until stop criterion  executed until stop criterion  

A programA program((xx11,,……, , xxnn)) ((yy11,,……, , yymm))
xx f f ((xx))

((xx11, , xx22,, ......, , xxnn[[,, ……]])) ((yy11, , yy22,..., ,..., yymm[[,,……]]))

executed until stop criterionexecuted until stop criterion

A programA programREADREAD PRINTPRINT



Minsky (1961), Scott (1967), Blum/Shub/Smale (1989),… (offline):

Cook/Reckhow (1973), Aho/Hopcroft/Ullman (1974),… (offline / online):

Weihrauch (1985?),… (online):

suitable inputs or suitable inputs or 
codes of objectscodes of objects

Some known models of computation
offline / online
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InputInput
procedureprocedure

OutputOutput
procedureprocedure

executed until stop criterion  executed until stop criterion  

A programA program((xx11,,……, , xxnn)) ((yy11,,……, , yymm))
xx f f ((xx))

code/name ofcode/name of uu code/name ofcode/name of f f ((uu))

uu f f ((uu))

((xx11, , xx22,, ......, , xxnn[[,, ……]])) ((yy11, , yy22,..., ,..., yymm[[,,……]]))

executed until stop criterionexecuted until stop criterion

A programA program

((xx11, , xx22, , xx33,,……)) ((yy11, , yy22, , yy33,,……))

READREAD PRINTPRINT

A programA programREADREAD PRINTPRINT



Our goal

Definition of a general model of computationDefinition of a general model of computation
byby

comparing known standard models comparing known standard models 
generalizing the main conceptsgeneralizing the main concepts

in order toin order to

unify known modelsunify known models

gain new insights in the relationship between known models gain new insights in the relationship between known models 
(similarities and differences)(similarities and differences)

transfer results from one theory of computation to anothertransfer results from one theory of computation to another

better understand the open problems in the classical theory of better understand the open problems in the classical theory of 
complexity (Why is it difficult to solve the classical Pcomplexity (Why is it difficult to solve the classical P--NP problem? NP problem? ……))
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Our register machines

RegistersRegisters
a countable number of registers for storing numbersa countable number of registers for storing numbers

InstructionsInstructions
start and halt instructions start and halt instructions 
operation and test instructionsoperation and test instructions

ProgramProgram
a finite sequence of labelled instructions (M. L. Minsky, 1961)a finite sequence of labelled instructions (M. L. Minsky, 1961)
represented by flow diagrams (Z. A. Melzak, 1961; J. Lambek, 196represented by flow diagrams (Z. A. Melzak, 1961; J. Lambek, 1961)1)
a program schema with operation and predicate symbols (D. Scott,a program schema with operation and predicate symbols (D. Scott, 1967)1967)

MachineMachine
provides the interpretation for a program (D. Scott, 1967)provides the interpretation for a program (D. Scott, 1967)

Model of computationModel of computation
the input and the output proceduresthe input and the output procedures
the machinethe machine
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Our register machines

Finite dimensional machinesFinite dimensional machines
a finite number of registers:a finite number of registers:

ZZ1 1 ,,……,, ZZmm
Each configuration is determined by the label of the current insEach configuration is determined by the label of the current instruction truction 
and the values of the registers.and the values of the registers.

Infinite dimensional machinesInfinite dimensional machines
an infinite number of registers:an infinite number of registers:

ZZ1 1 , , ZZ2 2 ,,……,, ZZm m , , ZZm+m+1 1 , , ZZm+m+2 2 ,,……

m m processor registers processor registers (or one accumulator) (or one accumulator) 

without indirect addressingwithout indirect addressing
with indirect addressing with indirect addressing 
(can be realized by index registers(can be realized by index registers II11,,……,, IIk k ))

gassnerc@uni-greifswald.de 

1.    The classical register machines and the BSS model1.    The classical register machines and the BSS model



gassnerc@uni-greifswald.de 

ℤℤ22 == ({0, 1}; 0, 1; +, ({0, 1}; 0, 1; +, ·· ; ; ==))
⇨⇨ Turing machineTuring machine
⇨⇨ TypeType--2 machines2 machines

ℕℕ00 = (= (ℕℕ; 0; 0 ; ; ff1 1 , , ff2 2 ; ; rr11 )),      ,      ff11((nn) = ) = n n + 1,     + 1,     ff22((nn) = ) = n n ∸∸ 11,    ,    rr1 1 ((nn) = ) = truetrue iff  iff  n n ≠≠ 00
⇨⇨ countercounter machine       machine       ( 0( 0∸∸1= 0 )1= 0 )

ℕℕ = = ((ℕℕ; ; ℕℕ ; +; + , , –– ; ; rr11))
⇨⇨ classical RAMclassical RAM

ℝℝ = = ((ℝℝ ; ; ℝℝ ; +; + , , –– , , ·· ; ; ≤≤) ) 
⇨⇨ real RAMreal RAM
⇨⇨ BSS modelBSS model

Examples for several structures

1.    The classical register machines and the BSS model1.    The classical register machines and the BSS model
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A structure:A structure: ΣΣ = (= (UU ; ; cc11 , , cc2 2 , ...;  , ...;  ff11 ,  ,  ff2 2 ,...; ,...; rr11 , , rr2 2 ,,……))

Computation:Computation: ll:  :  ZZk  k  ≔≔ ffjj ((ZZkk 11,,……, , ZZkkmmj j 
));;

ll:  :  ZZkk ≔≔ ccjj ;;

Branching:Branching: ll:  :  ifif rrjj((ZZkk 11,,……, , ZZkknnjj
)) then goto then goto ll1 1 else goto else goto ll22; ; 

Copy:Copy: ll: : ZZIIkk≔≔ ZZIIjj;;

Index computation:Index computation: IIkk≔≔ 1;  1;  IIkk≔≔ IIk k + + 1;  1;  if  if  IIkk == IIjj then goto then goto ll1 1 else goto else goto ll22;;

Instructions over Σ

1.    The classical register machines and the BSS model1.    The classical register machines and the BSS model
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By Minsky (1961).By Minsky (1961).
ΣΣ = (= (ℕℕ; 0; 0 ; ; ff1 1 , , ff2 2 ; ; rr11 )),       ,       ff11((nn) = ) = n n + 1,       + 1,       ff22((nn) = ) = n n ∸∸ 1  1  (0 (0 ∸∸ 1 = 0)1 = 0),, rr1 1 ((nn) = ) = truetrue iff  iff  n n ≠≠ 00

RegistersRegisters:: ZZ11 , , ZZ22

Computation:Computation:
ll:  :  ZZ11 ≔≔ ZZ11 + 1+ 1;; ll:  :  ZZ11 ≔≔ ZZ22 + 1+ 1;; ll:  :  ZZ22 ≔≔ ZZ11 + 1+ 1;; ll:  :  ZZ22 ≔≔ ZZ22 + 1+ 1;;
ll:  :  ZZ11 ≔≔ ZZ1 1 ∸∸ 11;; ll:  :  ZZ11 ≔≔ ZZ2 2 ∸∸ 11;; ll:  :  ZZ22 ≔≔ ZZ11∸∸11;; ll:  :  ZZ22≔≔ ZZ22∸∸ 11;;

Branching:Branching:
ll:  :  ifif ZZ11 ≠≠ 0 0 then goto then goto ll1 1 else goto else goto ll2 2 ;      ;      ll:  :  ifif ZZ22 ≠≠ 0 0 then goto then goto ll1 1 else goto else goto ll2 2 ; ; 

Input:Input:
InIn((nn)= (2)= (2nn, 0), 0)

Output:Output:
OutOut((zz11 , , zz22 ) = ) = mm, if  (, if  (zz11 , , zz2 2 ) = (2) = (2mm, 0), 0)
OutOut((zz11 , , zz22 ) undefined otherwise  ) undefined otherwise  

An example 
for a finite dimensional machine

1.    The classical register machines and the BSS model1.    The classical register machines and the BSS model



The Model of L. Blum, M. Shub, S. Smale The Model of L. Blum, M. Shub, S. Smale (1989) is similar to:(1989) is similar to:

RegistersRegisters:: II11 , , II2 2 , , ZZ11 , , ZZ22 ,,……

Computation and Branching:Computation and Branching: +, +, –– , , •• , , …… ,, ≤≤ Copy:Copy: ZZ11≔≔ ZZIIj j ;; ZZIIj  j  ≔≔ ZZ11;;

Input  and Output:Input  and Output:

((xx11,,……,, xxn n ) ) ∈∈ ∪∪ii≥≥11ℝℝi                                            i                                            ((xx11,,……,, xxnn , 0, 0,, 0, 0, …… ) ) ∈∈ ℝℝωω,  ,  xxn n ≠≠ 0 0 

InIn((xx11,,……,, xxn n , 0, 0,, 0, 0, ……) = (1, 1, ) = (1, 1, xx11, , nn, , xx2 2 , 0, , 0, ……,, xxn n , 0, 0,, 0, 0, ……)),   ,   xxn n ≠≠ 0 0 

OutOut((ii11 , , ii2 2 , , zz11 , , zz2 2 , , ……)  = ()  = (zz11 , , zz33 , , zz55 , , ……) ) ∈∈ ℝℝωω

K. Meer (1992):K. Meer (1992): InIn((xx11,,……,, xxn n , 0, 0,, 0, 0, ……) = (1, 1, ) = (1, 1, xx11, 0, , 0, xx2 2 , 0, , 0, ……,, xxn n , 0, 0,, 0, 0, ……) ) 
E. GrE. Gräädel (2007):del (2007): InIn((xx11,,……,, xxn n , 0, 0,, 0, 0, ……) = (1, 1, ) = (1, 1, xx11, , xx2 2 , , ……,, xxn n , 0, 0,, 0, 0, ……) ) 
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An example
for an infinite dimensional machine

identifiedidentified

1.    The classical register machines and the BSS model1.    The classical register machines and the BSS model



By C. GaBy C. Gaßßner (1996), ....ner (1996), ....

RegistersRegisters:: II11 , , II22 ,,……,, IIk k ,, ZZ11 , , ZZ22 ,,……

Computation and branching:Computation and branching: +, +, –– , , •• , , …… ,, rrj j ((ZZk k 11 ,,……, , ZZkknnj j 
)) CopyCopy:   :   ZZIIkk≔≔ ZZIIj j ;;

Input (cp. P. Koiran, 1994) and output space:Input (cp. P. Koiran, 1994) and output space:

((xx11,,……,, xxnn) ) ∈∈ ∪∪ii≥≥11ℝℝii

Input:Input:

InIn((xx11 ,…, xxn n ) = () = (nn, 1, ..., 1, , 1, ..., 1, xx11 ,…, xxnn , 0, 0, …))
Output:Output:

OutOut((ii11 , , ii2 2 , ..., , ..., iikk , , zz11 , zz22 , …) = () = (zz11 ,…, zzii11
) ) ∈∈ ∪∪ii≥≥11ℝℝii
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M                    M                    
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······

ZZ1111ZZ1010ZZ99ZZ88ZZ77ZZ66ZZ55ZZ44ZZ33ZZ22ZZ11

ZZ11

TheThe inputinput: : ((ZZ1 1 ,,……, , ZZnn) ) ≔≔ ((xx11,,……, , xxnn);  );  II11≔≔ nn;  ;  II22≔≔ 1;1;…… ; ; IIkkMM≔≔ 1;1;

ZZ11

11

11

……

……
II11

II22

IIkkMM

The The general BSS machine and the inputmachine and the input

1.    The classical register machines and the BSS model1.    The classical register machines and the BSS model

∈∈ ∪∪i i ≥≥11ℝℝii



M                    M                    
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······

ZZ1111ZZ1010ZZ99ZZ88ZZ77ZZ66ZZ55ZZ44ZZ33ZZ22ZZ11

ZZ11

TheThe inputinput: : ((ZZ1 1 ,,……, , ZZnn) ) ≔≔ ((xx11,,……, , xxnn);  );  II11≔≔ nn;  ;  II22≔≔ 1;1;…… ; ; IIkkMM≔≔ 1;1;

ZZ11

11

11

……

……
II11

II22

IIkkMM

The The general BSS machine and the inputmachine and the input

xx11 xx22 xx33 xx44

1.    The classical register machines and the BSS model1.    The classical register machines and the BSS model



M                    M                    

gassnerc@uni-greifswald.de

······

ZZ1111ZZ1010ZZ99ZZ88ZZ77ZZ66ZZ55ZZ44ZZ33ZZ22ZZ11

ZZ11

TheThe inputinput: : ((ZZ1 1 ,,……, , ZZnn) ) ≔≔ ((xx11,,……, , xxnn);  );  II11≔≔ nn;  ;  II22≔≔ 1;1;…… ; ; IIkkMM≔≔ 1;1;

44

xx11 xx22 xx33 xx44

ZZ44

ZZ11

11

11

xx44xx11 xx22 xx33 xx44 xx44 xx44 xx44 xx44

……

……
II11

II22

IIkkMM

The general BSS machine and the input

The size of The size of 
the inputthe input

1.    The classical register machines and the BSS model1.    The classical register machines and the BSS model



M                    M                    

The guessing:The guessing: ((ZZn+n+1 1 ,,……, , ZZn+mn+m)) ≔≔ ((yy11,,……, , yymm)) ∈∈ ∪∪ii≥≥11U U ii

nonnon--deterministic !deterministic !

Arbitrary elements can be guessed !Arbitrary elements can be guessed !······

The non-deterministic BSS machines  
(input and guessing)

44

11

11

The size of The size of 
the inputthe input

……

yy11 yy22 yy33 yy44 yy55
......

yy22xx11 xx22 xx33 xx44 yy11 yy33 yy44 yy55 ……
ZZ1111ZZ1010ZZ99ZZ88ZZ77ZZ66ZZ55ZZ44ZZ33ZZ22ZZ11

II11

II22

xx11 xx22 xx33 xx44
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IIkkMM



M                    M                    

······

The The general BSS machine andmachine and the output

TheThe outputoutput:: ((ZZ1 1 ,,……, , ZZII11))

77

11

11

The size of The size of 
the outputthe output

……

……2233 77 11 66 11 22 11 882233 77 11 66 11 22

2233 77 11 66 11 22

ZZ1111ZZ1010ZZ99ZZ88ZZ77ZZ66ZZ55ZZ44ZZ33ZZ22ZZ11

II11

II22
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IIkkMM



BSS machine for the problem of ordered tuples

Input: Input: aa tupletuple of of integersintegers ((xx11,..., ,..., xxn n )) ∈∈ ∪∪i i ≥≥11ℕℕii

Problem:   Problem:   IsIs thethe inputinput orderedordered??
DecisionDecision::

i := 1;

1:  if i = n
then  x1 := 1;
else

if xi ≤ xi+1
then  i :=  i + 1;    

goto 1;
else x1 := 0;

Input: (Input: (xx11,..., ,..., xxnn))

i i = = nn??

ii :=  :=  ii + 1+ 1

Output: Output: xx11

xxii ≤≤ xxi+i+11??

nonoyesyes

xx11:=  1:=  1 xx11:=  0:=  0

nono
yesyes

ii := 1:= 1
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BSS machine for the computation of the sum

Input: Input: a a tupletuple of of integersintegers ((xx11,..., ,..., xxn n ) ) ∈∈ ∪∪i i ≥≥11ℕℕii

Output:           Output:           ∑∑ xxii
i i = 1.. = 1.. nn

ComputationComputation::

i := 1; 

1:  if i < n
then  i :=  i + 1; 

x1 := x1 + xi ;  
goto 1;

for i := 2 to n do
{                               
x1 := x1 + xi ;
}

Input: (Input: (xx11,..., ,..., xxnn))

i i < < nn??

ii :=  :=  ii + 1+ 1

Output: Output: xx11

nono yesyes

xx11:= := xx11 + + xxii

ii := 1:= 1
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The simulation of machines by BSS machines
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means „can be simulated by“

A finite dimensional register machineA finite dimensional register machine

A classical RAM             A TypeA classical RAM             A Type--2 machine with 2 machine with II, , OO ⊆⊆{0, 1}*{0, 1}*

A BSS machineA BSS machine

A system (family) of RAMA system (family) of RAM’’s for ks for k--dimensional inputs  dimensional inputs  (k (k ∈∈ ℕℕ++))

An online RAM with An online RAM with II, , OO ⊆⊆ℝℝωω A TypeA Type--2 machine with 2 machine with II, , OO ⊆⊆{0, 1}{0, 1}ωω

A RAM with A RAM with oneone--way writeway write--only output tapeonly output tape
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BSS machineBSS machine Classical RAMClassical RAM’’ss

InIn--, output mode, output mode offlineoffline onlineonline

InIn--, output space, output space II,, O =O = ∪∪i i ≥≥11ℝℝii II ⊆⊆ℕℕnn

O O ⊆⊆ ℕℕ
I I ⊂⊂ ∪∪i i ≥≥1 1 ℕℕii

I I ⊂⊂ ∪∪i i ≥≥1 1 ℝℝii
II, , OO ⊆⊆ℝℝωω

Indirect addressingIndirect addressing yesyes nono yesyes

Any machine has its Any machine has its 
own program.own program.

yesyes no / yes  no / yes  

Number of registersNumber of registers ∞∞ < < ∞∞ ∞∞

Number of Number of ’’tapestapes’’ 11 33

InputInput input procedureinput procedure read instructionread instruction

OutputOutput output procedureoutput procedure print instructionprint instruction

2.    Comparison of BSS model and RAM2.    Comparison of BSS model and RAM’’ss

Our BSS model and classical RAM’s with
I ⊆ ∪i ≥1ℝi
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Our BSS model and classical RAM’s with
I ⊆ ∪i ≥1ℝi (Offline)

BSS BSS modelmodel ClassicalClassical RAMRAM

TheThe sizesize of of eacheach inputinput isis storedstored in an in an indexindex
registerregister..

cannotcannot bebe computedcomputed. . 

TheThe outputoutput of of thethe last last 
valuevalue of of eacheach inputinput

isis possiblepossible.. isis notnot possiblepossible..

TheThe sumsum of all of all thethe
inputinput valuesvalues

cancan bebe computedcomputed. . cannotcannot bebe computedcomputed. . 

The end of the input is not decidable by a classical RAMThe end of the input is not decidable by a classical RAM
with READ since there is not a blank symbol.with READ since there is not a blank symbol.

2.    Comparison of BSS model and RAM2.    Comparison of BSS model and RAM’’ss
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The classical real RAM
without input and output procedure

45453.43.4 ππ 0.10.1 00 1919 1.21.2 ee --11 33 8989 ……

0011 00 00 00 00 00 11 BB BB BB ……

……

MM

00 00 00 00 00 00

Inputs are read by a READ instructionInputs are read by a READ instruction

Outputs are written by a PRINT instructionOutputs are written by a PRINT instruction

Processor registers and registers of the storageProcessor registers and registers of the storage

00 0000 11 ππ 11 2222

READ READ 

PRINTPRINT

2.    Comparison of BSS model and RAM2.    Comparison of BSS model and RAM’’ss
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The classical real RAM
without input and output procedure

45453.43.4 ππ 0.10.1 00 1919 1.21.2 ee --11 33 8989 ……

0011 00 00 00 00 00 11 BB BB BB ……

……

MM

00 00 00 00 00 00

Inputs Inputs areare readread byby a READ a READ instructioninstruction

Outputs Outputs areare writtenwritten byby a PRINT a PRINT instructioninstruction

Prozessor Prozessor registersregisters and and registersregisters of of thethe storagestorage

00 0000 11 ππ 11 2222The classical real RAM allows the online mode.The classical real RAM allows the online mode.

Therefore, we want to compare Therefore, we want to compare 

the BSS machines, the RAMthe BSS machines, the RAM’’s,  and s,  and 

the Typethe Type--2 machines.2 machines.

2.    Comparison of BSS model and RAM2.    Comparison of BSS model and RAM’’ss



1111 11 00 00 00 BB BB BB BB BB ……

The TypeType--2 machines 2 machines 
withwith YY11, , YY0 0 = = {0, 1}* or  YY11, , YY0 0 = = {0, 1}ω
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0011 00 00 00 00 00 11 BB BB BB ……

11...... BB BB BB BB 11 BB 00 BB BB ……

MM

00...... BB BB BB 11 11 11 BB BB BB ……

An An oneone--wayway readread--onlyonly inputinput tapetape

A A workwork tapetape

A A workwork tapetape

An An oneone--wayway writewrite--onlyonly outputoutput tapetape

3.    Comparison of Type3.    Comparison of Type--2 machines, BSS model, and the classical RAM2 machines, BSS model, and the classical RAM’’ss



1111 11 00 00 00 BB BB BB BB BB ……

From a Turing machine over {0, 1}
to a {0, 1}-BSS machine
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0011 00 00 00 00 00 11 BB BB BB ……

11...... BB BB BB BB 11 BB 00 BB BB ……

MM

00...... BB BB BB 11 11 11 BB BB BB ……

An oneAn one--way readway read--only input tapeonly input tape

A work tapeA work tape

A work tapeA work tape

An oneAn one--way writeway write--only output tapeonly output tape

Two traces by stretchingTwo traces by stretching

3.    Comparison of Type3.    Comparison of Type--2 machines, BSS machines, and classical RAM2 machines, BSS machines, and classical RAM’’ss



1111 11 00 00 00 BB BB BB BB BB ……

From a Turing machine over {0, 1}
to a {0, 1}-BSS machine
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0011 00 00 00 00 00 11 BB BB BB ……

11...... BB BB BB BB 11 BB 00 BB BB ……

MM

00...... BB BB BB 11 11 11 BB BB BB ……

An An oneone--wayway readread--onlyonly inputinput tapetape

A A workwork tapetape

A A workwork tapetape

An An oneone--wayway writewrite--onlyonly outputoutput tapetape

TwoTwo tracestraces byby stretchingstretching

3.    Comparison of Type3.    Comparison of Type--2 machines, BSS machines, and classical RAM2 machines, BSS machines, and classical RAM’’ss



1111 11 00 00 00 BB BB BB BB BB ……
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0011 00 00 00 00 00 11 BB BB BB ……

11...... BB BB BB BB 11 BB 00 BB BB ……

MM

00...... BB BB 11 11 11 BB BB ……

An An oneone--wayway readread--onlyonly inputinput tapetape

A A workwork tapetape

A A workwork tapetape

An An oneone--wayway writewrite--onlyonly outputoutput tapetape

TwoTwo tracestraces byby stretchingstretching

3.    Comparison of Type3.    Comparison of Type--2 machines, BSS machines, and classical RAM2 machines, BSS machines, and classical RAM’’ss

From a Turing machine over {0, 1}
to a {0, 1}-BSS machine



1111 11 00 00 00 BB BB BB BB BB ……
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0011 00 00 00 00 00 11 BB BB BB ……

11...... BB BB BB BB 11 BB 00 BB BB ……

MM

An An oneone--wayway readread--onlyonly inputinput tapetape

A A workwork tapetape

00...... BB 11 11 11 ……
A A workwork tapetape

BB

TwoTwo tracestraces byby stretchingstretching

An An oneone--wayway writewrite--onlyonly outputoutput tapetape

3.    Comparison of Type3.    Comparison of Type--2 machines, BSS machines, and classical RAM2 machines, BSS machines, and classical RAM’’ss
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An An oneone--wayway writewrite--onlyonly outputoutput tapetape
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with Y1, Y0= {0, 1}* to a BSS input
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BBBB BB BB BB BB BB BB BB BB BB ……

……
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00 BB 00 BB 11 BB

TheThe outputoutput tapetape

BB BBBB 11 BB 00 BB

The initial configuration for the The initial configuration for the ’’ TypeType--22’’ machine and for input machine and for input 110001110001::

The symbol B after the input fromThe symbol B after the input from {0, 1}* {0, 1}* 

11 ……

MM

00 00 00 00 00 00 00 0011 00 00 00 11

The initial configuration for the BSS input of The initial configuration for the BSS input of (1, 1, 0, 0, 0, 1)(1, 1, 0, 0, 0, 1)::

An An indexindex registerregister containscontains thethe lengthlength of of inputinput

3.    Comparison of Type3.    Comparison of Type--2 machines, BSS machines, and classical RAM2 machines, BSS machines, and classical RAM’’ss



From an output tape of Type-2 machine
with Y1, Y0= {0, 1}* to a BSS output
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The oneThe one--way writeway write--only output tapeonly output tape

11 ……
MM

00 11 00 11 00 00 00 0000 11 11 00 11
Only a work tapeOnly a work tape

11 ……
MM

00 11 00 11 00 00 00 0000 11 11 00 11
The work tapeThe work tape

PRINTPRINT

The output from the work space

into ∪i≥1{0, 1}i11 00 1100 11 11 00 11
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An index register contains the length of outputAn index register contains the length of output

The outputThe output

Type-2 machine output: 

BSS output:BSS output:

3.    Comparison of Type3.    Comparison of Type--2 machines, BSS machines, and classical RAM2 machines, BSS machines, and classical RAM’’ss



1111 11 00 00 00 00 11 11 00 00 ……
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……
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BB BB BB BB BB BB
The work tape The work tape with blank symbolswith blank symbols

BB BB00 11 11 11 11

1111 11 00 00 00 00 11 11 00 00 ……

0011 00 00 00 00 00 11 BB BB BB ……

……

MM

11 11 11 11 11 00 00 0011 00 11 11 11

The work tape The work tape without blank symbolswithout blank symbols

TypeType--2 machine  2 machine  

RAM RAM 

3.    Comparison of Type3.    Comparison of Type--2 machines, BSS machines, and classical RAM2 machines, BSS machines, and classical RAM’’ss
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Consequences
Simulation of offline RAM’s without input tape

Input Input 
space of space of 
the RAMthe RAM

SimulationSimulation Tuples are represented Tuples are represented 
byby

byby on spaceon space

∪∪ii≥≥11{0,{0, 1}1}ii TypeType--2 machines2 machines {0, 1}*{0}{0, 1}*{0}ωω infinite strings infinite strings 

∪∪ii≥≥11ℕℕii finite dimensional finite dimensional 
register machinesregister machines

ℕℕk  k  

for a fixedfor a fixed kk
GGöödel numbersdel numbers

Turing machinesTuring machines {0, 1}*{0, 1}* binary codesbinary codes

∪∪ii≥≥11ℝℝii BSS machines BSS machines ∪∪ii≥≥11ℝℝii tuples over the realstuples over the reals

3.    Comparison of Type3.    Comparison of Type--2 machines, BSS machines, and classical RAM2 machines, BSS machines, and classical RAM’’ss
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The domain of reals and consequences

For RAMFor RAM’’s with s with oneone--way writeway write--only output tape we get only output tape we get 
(cp. K. Weihrauch, 2001):(cp. K. Weihrauch, 2001):

(FP) (FP) Every finite portion of the output is already determined Every finite portion of the output is already determined 
by a finite portion of the input.by a finite portion of the input.

H. Friedman, R. Mansfield:  H. Friedman, R. Mansfield:  ’’Algorithmic ProcedureAlgorithmic Procedure’’ (1992), (1992), 
Theorem 17:Theorem 17:

There is no 1There is no 1--1 computable mapping of 1 computable mapping of ℝℝ22 into into ℝℝ..

Real RAMReal RAM’’s are not really suitable s are not really suitable 
for a theory of complexity over the reals.for a theory of complexity over the reals.

3.    Comparison of Type3.    Comparison of Type--2 machines, BSS machines, and classical RAM2 machines, BSS machines, and classical RAM’’ss



gassnerc@uni-greifswald.de

B B ⊆⊆ ∪∪ii≥≥11ℝii.        .        BB is decidable if the characteristic function is computable.is decidable if the characteristic function is computable.

HHℝℝ = {(= {(xx11,,……,, xxnn, , CodeCode((MM)) | ()) | (xx11,,……,, xxnn))∈∈ ∪∪ii≥≥11ℝii

& & MM is a machine over is a machine over ℝℝ &   &   M  M  haltshalts onon xx}}

HHℝℝ
spec spec = {= {CodeCode((MM) |) | MM is a machine over is a machine over ℝℝ &  &  M  M  halts onhalts on CodeCode((MM))}}

Semi-decidability of Halting problems
over the reals

4.    The Halting problems for several types of machines4.    The Halting problems for several types of machines
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B B ⊆⊆ ∪∪ii≥≥11ℝii.        .        BB is decidable if the characteristic function is computable.is decidable if the characteristic function is computable.

HHℝℝ = {(= {(xx11,,……,, xxnn, , CodeCode((MM)) | ()) | (xx11,,……,, xxnn))∈∈ ∪∪ii≥≥11ℝii

& & MM is a machine over is a machine over ℝℝ &   &   M  M  haltshalts onon xx}}

HHℝℝ
spec spec = {= {CodeCode((MM) |) | MM is a machine over is a machine over ℝℝ &  &  M  M  halts onhalts on CodeCode((MM))}}

Is Is HHℝℝ semisemi--decidable? decidable? Yes,Yes, if the codes are suitable.if the codes are suitable.

For BSS machines:For BSS machines: by one machineby one machine

For finite dim. register machines:  For finite dim. register machines:  by a system of machines (cp. D. Scott)by a system of machines (cp. D. Scott)

The number of used registers is unary encodedThe number of used registers is unary encoded
in the codes of the machines.in the codes of the machines.

For infinite classical real RAMFor infinite classical real RAM’’s:s: by one machineby one machine

Semi-decidability of Halting problems
over the reals

4.    The Halting problems for several types of machines4.    The Halting problems for several types of machines
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B B ⊆⊆ ∪∪ii≥≥11ℝii.        .        BB is decidable if the characteristic function is computable.is decidable if the characteristic function is computable.

HHℝℝ = {(= {(xx11,,……,, xxnn, , CodeCode((MM)) | ()) | (xx11,,……,, xxnn))∈∈ ∪∪ii≥≥11ℝii

& & MM is a machine over is a machine over ℝℝ &   &   M  M  haltshalts onon xx}}

HHℝℝ
spec spec = {= {CodeCode((MM) |) | MM is a machine over is a machine over ℝℝ &  &  M  M  halts onhalts on CodeCode((MM))}}

Can the undecidability of Can the undecidability of HHℝℝ
specspec be shown?be shown?

For BSS machines: For BSS machines: by dby diagonalizationiagonalization

For finite dimensional register machines: For finite dimensional register machines: ? (not by the usual proof)? (not by the usual proof)

For infinite classical real RAMFor infinite classical real RAM’’s: s: by dby diagonalizationiagonalization

Decidability of Halting problems
over the reals

4.    The Halting problems for several types of machines4.    The Halting problems for several types of machines
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B B ⊆⊆ ∪∪ii≥≥11ℝii.        .        BB is decidable if the characteristic function is computable.is decidable if the characteristic function is computable.

HHℝℝ = {(= {(xx11,,……,, xxnn, , CodeCode((MM)) | ()) | (xx11,,……,, xxnn))∈∈ ∪∪ii≥≥11ℝii

& & MM is a machine over is a machine over ℝℝ &   &   M  M  haltshalts onon xx}}

HHℝℝ
spec spec = {= {CodeCode((MM) |) | MM is a machine over is a machine over ℝℝ &  &  M  M  halts onhalts on CodeCode((MM))}}

Can any semiCan any semi--decidable problem be reduced to the corresponding decidable problem be reduced to the corresponding HHℝℝ ??

For BSS machines: For BSS machines: yesyes

For finite dimensional register machines: For finite dimensional register machines: by a system of machinesby a system of machines

For infinite classical real RAMFor infinite classical real RAM’’s s without READwithout READ:: no, e.g. no, e.g. {({(xx11,,……,, xxnn) ) ∈∈ ℝℝ∞∞ | | ∃∃i i ((xxi i ≠≠ 0)}0)}

Reducibility of semi-decidable problems over 
the reals to the Halting problems

4.    The Halting problems for several types of machines4.    The Halting problems for several types of machines
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Remarks to the non-deterministic machines
5.    Remarks to non5.    Remarks to non--deterministic machinesdeterministic machines

means means „„can be simulated bycan be simulated by““

A feasible real RAM                                  A noA feasible real RAM                                  A nonn--deterministic deterministic 
(V. Brattka,  P. Hertling)                                  T(V. Brattka,  P. Hertling)                                  Turing machine uring machine 

A digital nonA digital non--deterministic BSS machine (guesses: zeros and ones)deterministic BSS machine (guesses: zeros and ones)

A A nonnon--deterministic BSS machinedeterministic BSS machine (guesses: real numbers)(guesses: real numbers)

A very abstract model of thoughtA very abstract model of thought
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A general BSS model over arbitrary structures

A finite dimensional register machineA finite dimensional register machine

A classical RAM             A TypeA classical RAM             A Type--2 machine with 2 machine with II, , OO ⊆⊆{0, 1}*{0, 1}*

A BSS machineA BSS machine

A system (family) of RAMA system (family) of RAM’’s for ks for k--dimensional inputs  dimensional inputs  (k (k ∈∈ ℕℕ++))

Thank you very much!Thank you very much!
Christine GaChristine Gaßßnerner

I also thank my students Paul Grieger, Franz Huwald, and Isabel I also thank my students Paul Grieger, Franz Huwald, and Isabel Desire SchwendeDesire Schwende..


