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On On RelativizationsRelativizations of the of the 
P P ≟≟ NP Question for Several StructuresNP Question for Several Structures

Our goal:Our goal:

Construct several oracles with Construct several oracles with 
PPAA ≠≠ NPNPA A 

with respect to the uniform model of computation.with respect to the uniform model of computation.

Evaluate known constructionsEvaluate known constructions
using knowledge using knowledge 

of the mathematical logic, of the mathematical logic, 
about the ring over the real numbers. about the ring over the real numbers. 

Show difficulties in deriving a structure with Show difficulties in deriving a structure with 
PP == NPNP

from an oracle with from an oracle with PPAA == NPNPAA..
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1.1. The uniform model The uniform model of of computationcomputation

2.2. DiagonalizationDiagonalization techniques and halting problemstechniques and halting problems

3.3. Structures and oracles with Structures and oracles with PPAA ≠≠ NPNPA A 

4.4. Structures and an oracle with Structures and an oracle with PPA   A   == NPNPAA

On On RelativizationsRelativizations of the of the 
P ≟ NP Question for Several StructuresP ≟ NP Question for Several Structures
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A structure:A structure: Σ Σ = (= (UU ; ; cc11 ,,……, , ccu u ;  ;  ff11 ,,……, , ffv v ;  ;  RR11 ,,……, , RRww , =), =)
Σ Σ = (= (UU ; (; (ccii))ii∈∈F F ; (; (ffii))ii∈∈GG ; (; (RRii))ii∈∈HH , =), =)

Computation:Computation: ll:  :  ZZkk ≔≔ ffjj((ZZkk 11,,……, , ZZkkmmjj
));;

ll:  :  ZZkk ≔≔ ccjj;;

Branching:Branching: ll:  :  ifif RRjj((ZZkk 11,,……, , ZZkknnjj
)) then then gotogoto ll1 1 else else gotogoto ll22; ; 

ll:  :  ifif ZZkk == ZZjj then then gotogoto ll1 1 else else gotogoto ll22; ; 

Copy:Copy: ll: : ZZIIkk≔≔ ZZIIjj;;

Index computation:Index computation: IIkk≔≔ 1;  1;  IIkk≔≔ IIkk + + 1;  1;  if  if  IIkk == IIjj then then gotogoto ll1 1 else else gotogoto ll22;;

The uniform model of computationThe uniform model of computation
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ℤℤ22 == ({0, 1}; 0, 1; +, ({0, 1}; 0, 1; +, ·· ; ; ==)) ((⇨⇨ Turing machines)Turing machines)

ℝℝ = = ((ℝℝ ; ; ℝℝ ; +; + , , –– , , ·· ; ; ≤≤) ) ((⇨⇨ BSS model)BSS model)

ΣΣstringstring =  =  ({0, 1}({0, 1}** ; ; εε , , 0, 10, 1; add; add , , subsubll ,, subsubrr ; =); =)

ΣΣtreetree =  (tree(=  (tree(ℝℝ)) ;  nil;  ;  nil;  concatconcat , root, root , , subsubll , , subsubrr ; = ); = )

concatconcat((aa,      ,      ) ,      ,      ) ==

Examples for several structuresExamples for several structures

a

t1 t2

t1 t2
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···

Z11Z10Z9Z8Z7Z6Z5Z4Z3Z2Z1

Z1

TheThe inputinput:: ((ZZ11 ,,……, , ZZnn) ) ≔≔ ((xx11,,……, , xxnn); ); II11≔≔ nn;  ;  II22≔≔ 1;1;…… ; ; IIkkMM≔≔ 1;1;

4

x1 x2 x3 x4

Z4

Z1

1

1

x4x1 x2 x3 x4 x4 x4 x4 x4

…

…
I1

I2

IkMM

The machine and the inputThe machine and the input

The size of 
the input
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For any machineFor any machine M  M  there is some there is some polynomialpolynomial ppMM ssuch that  uch that  

MM halts forhalts for x =x = ((xx11,,……, , xxnn) ) withinwithin ppMM ((nn)) steps.steps.

One operation is executed within One operation is executed within oneone time unit.time unit.

⇨⇨ PPΣΣ ⊆⊆ DECDECΣΣ ((PPΣ Σ ≙≙ problems are decidable in polynomial time)problems are decidable in polynomial time)

Computation in polynomial timeComputation in polynomial time
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Why do we consider Why do we consider 
the uniform model of computation?the uniform model of computation?

In describing algorithms (for instance, in the computational geoIn describing algorithms (for instance, in the computational geometry) metry) 
we often usewe often use

models over algebraic structures with several costs for operatiomodels over algebraic structures with several costs for operations,ns,
the BSS model with unit cost measure.the BSS model with unit cost measure.

Important: Important: 
to investigate to investigate 

common propertiescommon properties
differences differences 

of several modelsof several models, in order to answer:, in order to answer:

When can we use a model over an algebraic structure?When can we use a model over an algebraic structure?
Which simplification can imply problems? Which simplification can imply problems? 
Which properties are necessary in order to get a special complexWhich properties are necessary in order to get a special complexity for a ity for a 
problem?problem?
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The nonThe non--determinism:determinism:

guess(guess(ZZkk);); Arbitrary elements can be guessed!Arbitrary elements can be guessed!

⇨⇨ PPΣ Σ ⊆⊆ NPNPΣΣ

The nonThe non--deterministic instructionsdeterministic instructions



CCA 2008 gassnerc@uni-greifswald.de 

no   no   ((eveneven integersintegers))((ℤℤ ; ; ℤℤ ; +, ; +, –– ; ; ==))

no   no   ((nono NPNP--completecomplete problemproblem))((ℤℤ ; ; 11; (; (φφss))ss∈∈ℤℤ; ; ==)         )         φφss((xx) = ) = sxsx

??((ℂℂ ; ; ℂℂ ; +, ; +, ––, , ·· ;  ;  ==))

no   no   ((eveneven integersintegers))((ℤℤ ; ; ℤℤ ; +, ; +, –– ; ; ≤≤))
no   no   (Meer / (Meer / KoiranKoiran) ) ((ℝℝ ; ; ℝℝ ; +, ; +, –– ;  ;  ==))

??((ℝℝ ; ; ℝℝ ; +, ; +, –– ;  ;  ≤≤))

no   no   ((≤≤))((ℝℝ ; ; ℝℝ ; +, ; +, ––, , ·· ;  ;  ==))

??((ℝℝ ; ; ℝℝ ; +, ; +, ––, , ·· ;  ;  ≤≤))

PP∑∑ = = NPNP∑∑??∑∑

Some Some PP∑∑ ≟≟ NPNP∑∑ problemsproblems for several structures for several structures 
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xx

HHΣΣ = {(= {(xx11,,……,, xxnn, , CodeCode((MM))  |   ))  |   

xx ∈∈ UU∞∞ &  &  MM is a deterministic is a deterministic ∑∑--machinemachine

&   &   M  M  haltshalts onon xx}}

HHΣΣ
specspec = {= {CodeCode((MM)  |)  | MM is a deterministic is a deterministic ∑∑--machinemachine

&   &   M  M  halts onhalts on CodeCode((MM))}}

Halting problems for Halting problems for ∑∑
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1.1. The set of machines is cThe set of machines is countableountable.. Assume that Assume that HHΣΣ
specspec is decidable.is decidable.

⇒⇒ There is anThere is an MM recognizingrecognizing the complementthe complement of of HHΣΣ
specspec..

············yesyes······nono······no / no / yesyesMM
∶∶

······∶∶
nonoMMjj

······∶∶
yesyesMMii

······∶∶
yesyes / no/ noMM11

············bin(bin(jj))······bin(bin(ii))······bin(1)bin(1)Halt?Halt?

DiagonalizationDiagonalization techniquestechniques
TheThe undecidabilityundecidability of of thethe HaltingHalting problemproblem HHΣ Σ ((forfor Turing Turing machinesmachines))
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2.2. The codes of machines are ordered.The codes of machines are ordered. Assume that Assume that HHΣΣ
specspec is decidable.is decidable.

⇒⇒ There is anThere is an MM recognizingrecognizing the complementthe complement of of HHΣΣ
specspec..

DiagonalizationDiagonalization techniquestechniques
TheThe undecidabilityundecidability of of thethe HaltingHalting problemproblem HHΣ Σ ((forfor ((ℝℝ ; ; ℝℝ ; +, ; +, ––, , ·· ;  ;  ≤≤))))

············yesyes······nono············MM
∶∶

······∶∶
nonoMMjj

······∶∶
yesyesMMii

······∶∶
······∶∶

············CodeCode((MMjj))······CodeCode((MMii))············Halt?Halt?
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3.3. ∑∑ arbitrary (We can generalize the result.)arbitrary (We can generalize the result.)

Assume:Assume: HHΣ Σ isis decidabledecidable..
⇒⇒ HHΣΣ

specspec isis decidabledecidable..
⇒⇒ TheThe complementcomplement of of HHΣΣ

specspec

isis semisemi--decidabledecidable byby aa ∑∑--machinemachine MM..

⇒⇒ MM haltshalts onon CodeCode((MM))
⇔⇔ MM doesdoes notnot halthalt onon CodeCode((MM))..

⇒⇒

DiagonalizationDiagonalization techniquestechniques
TheThe undecidabilityundecidability of of thethe HaltingHalting problemproblem HHΣ Σ ((forfor anyany structurestructure))
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Oracle query:Oracle query:

ll:  :  if if ((ZZ11,,……, , ZZII11 )) ∈∈ B  B  then then gotogoto ll1 1 else else gotogoto ll2 2 ;;

The length can be computed The length can be computed by by II11≔≔ 1;   1;   II11≔≔ II1 1 + 1; + 1; ……..

B B oracle, oracle, B B ⊆⊆ UU∞∞ = = ∪∪nn ≥≥11UU n n 

We will define oracles such thatWe will define oracles such that

PPΣΣ
QQ ≠≠ NPNPΣΣ

QQ,,

PPΣΣ
OO =  =  NPNPΣΣ

OO..

(cp. also Baker, Gill, and (cp. also Baker, Gill, and SolovaySolovay; Emerson; ... for Turing machines... ); Emerson; ... for Turing machines... )

Oracle machinesOracle machines
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1.1. If the set of programs isIf the set of programs is countablecountable, for , for any oracle any oracle B  B  ⊆⊆ UU∞∞,,

letlet NNii
BB be the be the PPΣΣ

BB--machinemachine
executing  executing  ppii((nn)) instructions of program instructions of program PPi  i  for anyfor any x x ∈∈ UU nn.. aa,, bb∈∈UU..

V 0 =∅, m0 = 0. 
Stage i ≥ 1:    Let ni > mi – 1 , mi  = 2ni ,   pi(ni ) + ni <  mi.
Wi = ∪j < i Vj

Vi = {x ∈ Uni | Ni
Wi rejects (a,..., a) ∈ Uni

&   x is not queried by Ni
Wi on (a,..., a) ∈ Uni} 

Q  = QΣ = ∪i ≥ 1Wi

Proposition: Proposition: {{yy | (| (∃∃ ii≥≥1)( 1)( yy ∈∈ U U nnii &  &  VVi i ≠≠∅∅)})} ∈∈ NPNPΣΣ
QQ \\ PPΣΣ

QQ ..

An oracleAn oracle QQ with with PPΣΣ
QQ ≠≠ NPNPΣΣ

Q Q 

DiagonalizationDiagonalization techniques techniques by Baker, Gill, and by Baker, Gill, and SolovaySolovay
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The set of programs is countableThe set of programs is countable. . aa,, b b ∈∈ UU. . 

⇒⇒ NNuu
WWii rejects rejects ((aa,..., ,..., aa)) ⇔⇔ NNuu

WWii + + 11 rejects rejects ((aa,..., ,..., aa)) ⇔⇔ NNuu
QQ rejects  rejects  ((aa,..., ,..., aa))..

WW1 1 = = ∅∅acceptedaccepted

∶∶

ppjj

∶∶

ppii

∶∶

pp11

ppii

······∶∶

WWjj + 1+ 1 = = WWjjacceptedaccepted≤≤ ppjj ((nnjj) + ) + nnjj

< < nnjj + 1+ 1

22nnj j −− 11 < < nnjj

ppjj ((nnjj) + ) + nnjj < 2< 2nnjj
PPjj

∶∶

WWii + 1+ 1 = = WWii ∪∪{ { xx || x x ∈∈ UU nnii & & x x not   not   
queried queried by by NNii

WWii on on ((aa,..., ,..., aa)) ∈∈ U U nnii}}
rejectedrejected≤≤ ppii ((nnii) + ) + nnii

< < nnii + 1+ 1

22nni i −− 11 < < nnii

ppii ((nnii) + ) + nnii < 2< 2nnii
PPii

∶∶

WW1 1 = { = { xx | | xx∈∈UU nn11 & & x x not queried...not queried...}}rejectedrejected≤≤ pp11((nn11)) ++ nn11

< < nn22

pp11((nn11) + ) + nn11< 2< 2nn11PP11

Q  Q  = = QQΣΣ = = ∪∪ii ≥≥ 11WWii
((aa,,……,,aa) ) ∈∈

UUnnii
LengthLength in a in a 

queryquery
nniiPPii

An oracleAn oracle QQ with with PPΣΣ
QQ ≠≠ NPNPΣΣ

Q Q 

DiagonalizationDiagonalization techniques techniques by Baker, Gill, and by Baker, Gill, and SolovaySolovay
An oracleAn oracle QQ with with PPΣΣ

QQ ≠≠ NPNPΣΣ
Q Q 

DiagonalizationDiagonalization techniques techniques by Baker, Gill, and by Baker, Gill, and SolovaySolovay
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1.1. If the set of programs isIf the set of programs is countablecountable, for , for any oracle any oracle B  B  ⊆⊆ UU∞∞,,

letlet NNii
BB be the be the PPΣΣ

BB--machinemachine
executing  executing  ppii((nn)) instructions of program instructions of program PPi  i  for anyfor any x x ∈∈ UU nn.. aa,, bb∈∈UU..

VV 0 0 ==∅∅, , mm0 0 == 0. 0. 
StageStage i i ≥≥ 1:    1:    LetLet nnii > > mmi i –– 11 ,, mmi  i  = = 22nni i ,   ,   ppii((nnii ) + ) + nnii <  <  mmii..
WWii = = ∪∪j < i j < i VVjj

VVi i = {= {xx ∈∈ UU nnii || NNii
WWii rejects rejects ((aa,..., ,..., aa)) ∈∈ UUnnii

&   &   x x is not queried by is not queried by NNii
WWii onon ((aa,..., ,..., aa)) ∈∈ UU nnii} } 

Q  Q  = = QQΣΣ = = ∪∪i i ≥≥ 11WWi      i      

Proposition: Proposition: {{yy | (| (∃∃ ii≥≥1)( 1)( yy ∈∈ U U nnii &  &  VVi i ≠≠∅∅)})} ∈∈ NPNPΣΣ
QQ \\ PPΣΣ

QQ..

An oracleAn oracle QQ with with PPΣΣ
QQ ≠≠ NPNPΣΣ

Q Q 

DiagonalizationDiagonalization techniques techniques by Baker, Gill, and by Baker, Gill, and SolovaySolovay

Diagonalization

technique
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2.2. If If UU isis orderedordered, for suitable codes, for suitable codes u u ∈∈ U U ⊆⊆ UU∞∞ and any oracle and any oracle B  B  ⊆⊆ UU∞∞,,

letlet NNuu
BB be the be the PPΣΣ

BB--machinemachine
executing  executing  ppuu((nn)) instructions of program instructions of program PPuu for anyfor any x x ∈∈ UU nn..

ℕℕ ⊆⊆ UU..

V 0 =∅.
Stage i ≥ 1: 
Ki = {u ∈U | (∀j > i)(∀B  ⊆ U∞ )

(j∈U is not queried by Nu
B on u)} 

Wi + 1 = Wi ∪ {(i + 1, u) | u ∈ Ki & Nu
Wi rejects u} 

Q  = QΣ = ∪i ≥ 1Wi    

Proposition:   Proposition:   { { yy | (| (∃∃ n n ≥≥ 2) (2) (((nn,, yy) ) ∈∈ QQΣΣ)} )} ∈∈ NPNPΣΣ
QQ \\ PPΣΣ

QQ..

An oracleAn oracle QQ with with PPΣΣ
QQ ≠≠ NPNPΣΣ

Q Q 

DiagonalizationDiagonalization techniques techniques by Emersonby Emerson
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UU ordered and ordered and ℕℕ ⊆⊆ UU..

⇒⇒ NNuu
WWii rejects  rejects  u     u     ⇔⇔ NNuu

QQ rejects  rejects  uu..
∶∶

WWii + 1 + 1 = = WWii∪∪ {({(i i + + 11, , uu) ) | | uu ∈∈ KKii && NNuu
WWii rejectsrejects uu}}≤≤ iiKKii

∶∶

WW11 = = ∅∅≤≤ 11KK11

Q  Q  = = QQΣΣ = = ∪∪ii ≥≥ 11WWiielementselements in a in a queryquery on on 
u u ∈∈KKii withinwithin a time a time periodperiod

boundedbounded byby ppuu((||uu||) ) 

KKii

An oracleAn oracle QQ with with PPΣΣ
QQ ≠≠ NPNPΣΣ

Q Q 

DiagonalizationDiagonalization techniques techniques by Emersonby Emerson
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2.2. If If UU isis orderedordered, for suitable codes, for suitable codes u u ∈∈ U U ⊆⊆ UU∞∞ and any oracle and any oracle B  B  ⊆⊆ UU∞∞,,

letlet NNuu
BB be the be the PPΣΣ

BB--machinemachine
executing  executing  ppuu((nn)) instructions of program instructions of program PPuu for anyfor any x x ∈∈ UU nn..

ℕℕ ⊆⊆ UU..

VV 0 0 ==∅∅..
StageStage i i ≥≥ 1: 1: 
KK ii = {= {u u ∈∈UU | | ((∀∀j j > > ii)()(∀∀B  B  ⊆⊆ UU∞∞ ))

((jj∈∈UU is not queried byis not queried by NNuu
BB on on uu))} } 

WWi i + 1+ 1 = = WWii ∪∪ {({(i + i + 1,1, uu) ) | | uu ∈∈ KKii && NNuu
WWii rejectsrejects uu} } 

Q  Q  = = QQΣΣ = = ∪∪ii ≥≥ 11WWi    i    

Proposition:   Proposition:   { { yy | (| (∃∃ n n ≥≥ 2) (2) (((nn,, yy)) ∈∈ QQΣΣ)} )} ∈∈ NPNPΣΣ
QQ \\ PPΣΣ

QQ..

An oracleAn oracle QQ with with PPΣΣ
QQ ≠≠ NPNPΣΣ

Q Q 

DiagonalizationDiagonalization techniques techniques by Emersonby Emerson
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3.3. If If UU isis infiniteinfinite, for suitable codes, for suitable codes u u ∈∈ U U ⊆⊆ UU∞∞ and any oracle and any oracle B  B  ⊆⊆ UU∞∞,,

letlet NNuu
BB be the be the PPΣΣ

BB--machinemachine
executing  executing  ppuu((nn)) instructions of program instructions of program PPuu for anyfor any x x ∈∈ UU nn..

αα11, , αα22, , αα33,...,... ∈∈ U.U.

V 0 =∅. 
Stage i ≥ 1: 
Ki = {u ∈U | (∀j > i)(∀B  ⊆ U∞ )

(Nu
B does not compute or use the value αj on u)} 

Wi  + 1 = Wi ∪ {(αi + 1, u) | u ∈ Ki & Nu
Wi rejects  u} 

Q  = QΣ = ∪i ≥ 1Wi    

Proposition:   Proposition:   { { yy | (| (∃∃ n n ≥≥ 2) (2) (((ααnn,, yy) ) ∈∈ QQΣΣ)} )} ∈∈ NPNPΣΣ
QQ \\ PPΣΣ

QQ..

An oracleAn oracle QQ with with PPΣΣ
QQ ≠≠ NPNPΣΣ

Q Q 

DiagonalizationDiagonalization techniques techniques (a (a generalizationgeneralization))
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∑∑ arbitrary, arbitrary, αα11, , αα22, , αα33,... ,... ∈∈ UU..

⇒⇒ NNuu
WWii rejects  rejects  u     u     ⇔⇔ NNuu

QQ rejects  rejects  uu..
∶∶

WWii + 1+ 1 = = WWii ∪∪ {({(ααi i + 1+ 1,, uu) ) | | uu ∈∈ KKii && NNuu
WWii rejects  rejects  uu}}∉∉ {{ααi i + 1+ 1 , , ααi i + + 22, , ααi i + + 33,...,...}}KKii

∶∶

WW1 1 = = ∅∅∉∉ {{αα11, , αα22, , αα33,...,...}}KK11

Q  Q  = = QQΣΣ = = ∪∪ii ≥≥ 11WWiielementselements in a in a queryquery on on 
u u ∈∈KKii withinwithin a time a time periodperiod

boundedbounded byby ppuu((||uu||) ) 

KKii

An oracleAn oracle QQ with with PPΣΣ
QQ ≠≠ NPNPΣΣ

Q Q 

DiagonalizationDiagonalization techniques techniques (a (a generalizationgeneralization))
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3.3. If If UU isis infiniteinfinite, for suitable codes, for suitable codes u u ∈∈ U U ⊆⊆ UU∞∞ and any oracle and any oracle B  B  ⊆⊆ UU∞∞,,

letlet NNuu
BB be the be the PPΣΣ

BB--machinemachine
executing  executing  ppuu((nn)) instructions of program instructions of program PPuu for anyfor any x x ∈∈ UU nn..

αα11, , αα22, , αα33,...,... ∈∈ U.U.

VV 0 0 ==∅∅. . 
StageStage i i ≥≥ 1: 1: 
KK ii = {= {u u ∈∈UU | | ((∀∀j j > > ii)()(∀∀B  B  ⊆⊆ UU∞∞ ))

((NNuu
BB does not compute or use the value does not compute or use the value ααj j on on uu))} } 

WWi  i  + 1+ 1 = = WWii ∪∪ {({(ααi + i + 11,, uu) ) | | uu ∈∈ KKii && NNuu
WWii rejects  rejects  uu}}

Q  Q  = = QQΣΣ = = ∪∪ii ≥≥ 11WWi    i    

Proposition:   Proposition:   { { yy | (| (∃∃ n n ≥≥ 2) (2) (((ααnn,, yy)) ∈∈ QQΣΣ)} )} ∈∈ NPNPΣΣ
QQ \\ PPΣΣ

QQ..

An oracleAn oracle QQ with with PPΣΣ
QQ ≠≠ NPNPΣΣ

Q Q 

DiagonalizationDiagonalization techniques techniques (a (a generalizationgeneralization))
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4.4. UU infinite,  infinite,  
a finite number of operations and relations,a finite number of operations and relations,

{{αα11, , αα22, , αα33,...} ,...} ⊆⊆ U U enumerableenumerable and decidableand decidable..

Q Q = = QQΣΣ = { (= { (αα tt ,, xx, , CodeCode((M M ))  |   ))  |   

xx ∈∈ U U ∞∞ &  &  MM is a deterministic is a deterministic ∑∑--machinemachine

&   &   MM((xx))↓↓tt} } 

MM acceptsaccepts x =x = ((xx1 1 ,,……, , xxnn) ) ∈∈ UU∞∞ withinwithin tt steps.steps.

Proposition: Proposition: HHΣΣ ∈∈ NPNPΣΣ
QQ \\ PPΣΣ

QQ.       .       ((PPΣΣ
Q Q ⊆⊆ DECDECΣΣ))

An oracleAn oracle QQ with with PPΣΣ
QQ ≠≠ NPNPΣΣ

Q Q 

Using the Using the undecidabilityundecidability of the Halting problem of the Halting problem HHΣΣ
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A universal oracle:A universal oracle:

∈∈ U U t t 

OO = = OOΣΣ = { (= { (bb,,……, , bb,, xx, , CodeCode((M M ))  |   ))  |   

xx ∈∈ U U ∞∞ &  &  MM is a is a nonnon--deterministic deterministic ∑∑--machinemachine usingusing OO

&   &   MM((xx))↓↓tt} } 

Proposition: Proposition: PPΣΣ
OO =  =  NPNPΣΣ

OO ..

An oracleAn oracle OOΣΣ with with PPΣΣ
OOΣΣ =  =  NPNPΣΣ

OOΣΣ
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Structures over stringsStructures over strings

ΣΣ = = ((U*U* ; ; εε, , aa, , bb,, cc33,,……, , ccuu ;  ;  addadd, , subsubll, , subsubrr, , ff11,,……, , ffvv ; ; RR11,,……,,RRww,  =,  =))

((dd11,...,,..., ddkk) ) ∈∈ UU k  k  ⊂⊂ UU∞∞ stored instored in kk registersregisters

s = ds = d1 1 ······ ddkk ∈∈ U*U* stored in stored in oneone registerregister

d d ∈∈ UU

add(add(ss, , dd) = ) = ssdd subsubll((sdsd) = ) = s s subsubrr((sdsd) = ) = dd

An oracleAn oracle OOΣΣ containing only containing only tuplestuples of length 1of length 1
with with PPΣΣ

OOΣΣ =  =  NPNPΣΣ
OOΣΣ ??

!!
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Recall: Recall: PPΣΣ
OOΣΣ =  =  NPNPΣΣ

OOΣΣ and and PPΣΣ
QQΣ Σ ≠≠ NPNPΣΣ

QQΣ Σ forfor

OOΣΣ = { (= { (bb,,……, , bb,, xx, , CodeCode((M M )) | )) | xx ∈∈ ((UU**))∞∞
& & MM is a nonis a non--deterministic deterministic ∑∑--machine usingmachine using OOΣ Σ &  &  MM((xx))↓↓tt} } 

QQΣΣ = { (= { (bb······bb,, xx, , CodeCode((M M )) |  )) |  xx ∈∈ ((UU**))∞∞
&  &  MM is a deterministic is a deterministic ∑∑--machinemachine &   &   MM((xx))↓↓tt} } 

Theorem: Theorem: There isThere is notnot an oracle an oracle OO with with 

bb······bb··stringstring((xx))··stringstring((CodeCode((M M )) )) ∈∈ OO
⇔⇔ xx ∈∈ ((UU**))∞∞

&  &  MM is a nonis a non--deterministic deterministic ∑∑--machine usingmachine using OO
&   &   MM((xx))↓↓t t ..

An oracleAn oracle OOΣΣ containing only containing only tuplestuples of length 1of length 1
with with PPΣΣ

OOΣΣ =  =  NPNPΣΣ
OOΣΣ ??

t t ××

t t ××

No set !
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An additional relation An additional relation RR
on on paddedpadded codescodes

of the members of a universal oracle of the members of a universal oracle OO
with with PPΣΣ

OO =  =  NPNPΣΣ
OO

Binary treesBinary trees
with decidable identity with decidable identity 

relationrelation
((GaßnerGaßner, , DagstuhlDagstuhl 2004)2004)

StringsStrings
with operations for with operations for 

adding and deleting the adding and deleting the 
last characterlast character

((GaßnerGaßner, , CiECiE 2007)2007)

Structures with P = NP Structures with P = NP 

P =
 N

P
for

P = N
Pfor



CCA 2008 gassnerc@uni-greifswald.de 

5.5. ΣΣ == ((ℝℝ ; ; ℝℝ ; +, ; +, ––, , ·· ;  ;  ≤≤)  )  or  or  ΣΣ == ((ℝℝ ; ; ℝℝ ; +, ; +, ––, , ·· ;  ;  ==))

ℚℚ ∈∈ NPNPℝℝ
ℤℤ..

Program:Program: guess(guess(yy11);  guess();  guess(yy22);  if );  if yy11,, yy22 ∈∈ ℤℤ,, yy1 1 ≠≠ 00 and  and  yy11xx == yy22 then output 1.then output 1.

Assume that ℚ is decidable by a machine M.
Description of any computation path by a system of conditions of the form

x ∈ ℤ x ∉ ℤ pk(x) ≤ 0      pk(x) < 0    (k  ≤ m).

⇒ There are r ∉ ℚ∪ {x| pk(x)∈ℤ} and (qi )i ∈ ℕ such that qi∈ℚ and qi→ r.

⇒ r and qi satisfy the same conditions x ∉ ℤ and pk(x) < 0. 
⇒ r and qi are rejected. ⇒

Proposition: Proposition: PPℝℝ
ℤℤ ≠≠ NPNPℝℝ

ℤℤ..

ℤℤ as oracleas oracle with with PPℝℝ
ℤℤ ≠≠ NPNPℝℝ

ℤℤ

Using the properties  of  Using the properties  of  ((ℝℝ ; ; ℝℝ ; +, ; +, ––, , ·· ;  ;  ≤≤))
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5.5. ΣΣ == ((ℝℝ ; ; ℝℝ ; +, ; +, ––, , ·· ;  ;  ≤≤)  )  or  or  ΣΣ == ((ℝℝ ; ; ℝℝ ; +, ; +, ––, , ·· ;  ;  ==))

ℚℚ ∈∈ NPNPℝℝ
ℤℤ..

Program:Program: guess(guess(yy11);  guess();  guess(yy22);  if );  if yy11,, yy22 ∈∈ ℤℤ,, yy1 1 ≠≠ 00 and  and  yy11xx == yy22 then output 1.then output 1.

Assume that Assume that ℚℚ is decidableis decidable by a machine by a machine MM..
Description of any computation path by a system of conditions ofDescription of any computation path by a system of conditions of the formthe form

ppkk((xx)) ∈∈ ℤℤ ppkk((xx)) ∉∉ ℤℤ ppkk((xx) ) ≤≤ 0      0      ppkk((xx) ) < 0    (< 0    (k  k  ≤≤ mm).).

⇒⇒ There areThere are rr ∉∉ ℚℚ∪∪ {{xx| | ppkk((xx))∈∈ℤℤ}} andand ((qqii ))i i ∈∈ ℕℕ such thatsuch that qqii∈∈ ℚℚ and and qqii→→ rr..

⇒⇒ r r and someand some qqjj satisfy the same conditions satisfy the same conditions ppkk((xx)) ∉∉ ℤℤ andand ppkk((xx) ) < 0. < 0. 
⇒⇒ r r andand qqjj are rejectedare rejected.. ⇒⇒

Proposition: Proposition: PPℝℝ
ℤℤ ≠≠ NPNPℝℝ

ℤℤ..

ℤℤ as oracleas oracle with with PPℝℝ
ℤℤ ≠≠ NPNPℝℝ

ℤℤ

Using the properties  of  Using the properties  of  ((ℝℝ ; ; ℝℝ ; +, ; +, ––, , ·· ;  ;  ≤≤))
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Thank you for your attention!Thank you for your attention!

Christine Christine GaßnerGaßner
GreifswaldGreifswald..

Thanks also to  Thanks also to  
Robert Robert BialowonsBialowons,,
VolkmarVolkmar LiebscherLiebscher, , 
Rainer Rainer SchimmingSchimming..

On On RelativizationsRelativizations of the of the 
P ≟ NP Question for Several StructuresP ≟ NP Question for Several Structures


