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Hierarchies over Algebraic Structures

Introduction

Subject:
@ BSS RAM model over first order structures
e a framework for study of
o the abstract computability by machines over several structures
o the uniform abstract decidability and the reducibility of decision
problems over algebraic structures
on a high abstraction level
o includes several types of register machines, the Turing machine, and
the uniform BSS model of computation over the reals

@ hierarchies of undecidable decision problems within this model
Meaning:
@ better understanding

o the structural complexity of decision problems
o the methods used in the recursion theory
o the limits of computations over several structures



e The BSS RAM’s

e uniform machines over first order structures

e Halting problems

o uniformity and codes for machines

@ Known hierarchies

e derived from the arithmetical hierarchy
o Kleene—Mostowski, Cucker, ...

e A hierarchy over first order structures

o defined by quantifiers
e characterized by halting problems
e complete problems



Computation over Algebraic Structures

The Allowed Instructions (for BSS RAM’s)

Computationover A= ( Ua ; Ua :ifis--  fuiR1, .. Ryyy=).

universe CONStants  gperations relations
|z 2] Z| Z,] ... Registers for elements in U 4
] L] L] L] L] ... Registers for indices / addresses

o Computation instructions:
t: Zp = fi(Z, ..., Z,,) () e g i= gy A= )
0: Z; = d (dr € Uy)
e Branching instructions:
£: if Z; = Z; then goto ¢; else goto />
2 if Ri(Z;,, - . ., Z;, ) then goto £} else goto £,
e Copy instructions:

l: Z[J = Zlk

e Index instructions:
£: 1 :=1
L:L:=1+1

£: if I; = I} then goto /; else goto ¢



Uniform Computation over Algebraic Structures

Inputs and Outputs for BSS RAM's in M1”!

o UY =g Ui21 U f4 — input and output space  (for the universe U 4)

o Inputof X = (x1,...,x,) € U:
X1 X2 X3 Xn Xn Xn
2 A - 4 . 1
’ Z \ Z \ Z3 \ \ Zn \ Zny1 \ Znyo \
| L] L] B L|...| L, | kaq index registers
T 7 T 7 T
n 1 1 1 1
e Input and guessing procedures of nondeterministic machines:
X X2 Xn Y1 Y2 Ym Xn
& & A d: 5 4
| 2] Z] ... ] Z]| Zwr| Zuia | -] Zugm | Zugmyr | --.
’ I \ L \ I \ JA \ \ I ‘ m € N7 is also guessed.
T T T T T

n 1 1 1 1
e Outputof Z;,...,7;.



Two Hierarchies

Analogous to the Arithmetical Hierarchy

o Ais fixed.
e The first hierarchy defined semantically by deterministic
machines:

%) = DEC4

I = {Ux\P|Pex]}

AV = 2001

20, = {PCUX|(3Q (P e SDECS)}

e The second hierarchy defined syntactically by formulas:

ND
E0

ND
Hn

ND
An

ND
En—H

= DECy4
= {Ux\P|PexP}
— ENDQHND
= {PCUY (30 €ILP)
ViXxe P& (e UP)((Y.X) € Q)}



The Arithmetical Hierarchy (Kleene-Mostowski)

For Turing Machines

For ({0, 1};0, 1; ; =), both definitions provide the same hierarchy:

= {PC{0,1}>| (30 € II%)(P € SDEC?)}

SNP = {PC{0,1}*| (3Q € II))
vi(x € P& (€ {0, 1}7)((. %) € 0))}

“— ” means “strong C”.



Complete Problems in the Arithmetical Hierarchy

For Turing Machines

CoFIN e %9 119

N /
AS
/ N
FIN e 3 m > TOTAL
N /
A
/ N
HP* e %0 m > EMPTY
N /

A

CoFIN = {code(M) |
FIN = {code(M) |
TOTAL = {code(M) | (VX € {0,1}>°)(M(%) |)}
H®% = {code(M) | M(code(M)) |}

EMPTY = {code(M) | (¥X¥ € {0,1}*>°)(M(X) 1)}

(3 € N)(v € {0, 1}ED)(M(3) 1)}
(3n € N)(vx € {0, 1}E)(M(F) 1)}

(cp. Soare, Kozen)



Complete Problems in the BSS model (Cucker)

For Computation over the Ring of Reals R = (R; R; -, +, —; <)

E?D < > HI;ID
AP
Suslin’s proj. hier. = ¥° \ ID® > TOTALg, TOTALY
set of Borel sets = AgD
(CR>) 1
N S
FINp, € X) < > 19
A9
D 5 M = mMP 5 INlg
Af
FINR = {code(M) | (3n € N)(V¥ € REM)(M(X) 1)}
INJg = {code(M) | (VX1, % € R®)(MF )= ME)|l= 7 =)}

TOTALY®) = {code(M) | M € MDP) & (v € R®)(M(F) )}
(cp. Cucker)



A Characterization of the First Hierarchy

For BSS RAM’s — Computation over Several Structures

For A:
@ a finite number of operations & relations, all elements are constants,
@ contains an infinite set effectively enumerable over A: N C U 4.
Recall (the definition):

¥) = DECy4
m, = {UF\P|PeX}}
A = 20N
0., = {PCUZ| (30 e (P e SDECS)}
(n)
= 50, = SDEC* = {PcCuU¥|P=, H{"}

Proposition (G. 2014)

., ={PCUY| (30 c V(X € P& (Fk € N)((X.k) € 0))}

Note: Hfg) =0

HEZH) = Halting problem for BSS RAM’s using H(A”) as oracle



A Characterization of the Second Hierarchy

For BSS RAM’s — Computation over Several Structures

A: a finite number of operations & relations, all elements = constants.

Recall (the definition):

NP = DECy4
P = {UF\P|PexP}
AND _ END N HND
n n n
T = {PSUR|(EQ€ILP)

ViIXe P& (e UX)((V.X) € 0)}

Proposition (G. 2015)

S =P C U | (3Q € ILP)(P € (SDEC)P)?)}

= NP = (SDECYD)ED)” = {pCc UP | P <1 (D)1}

Note: (H}?)@ =0
(HNP)(™*+1) = Halting p. for ND-machines using (H}?)™ as oracle



Complete Problems in the First Hierarchy

For BSS RAM’s — Computation over Several Structures

For A:
@ a finite number of operations & relations, all elements are constants,
@ contains an infinite set effectively enumerable over A: N C U 4.

e N
FINy € %) I > TOTALy, INCLy
N . /!
A
- / N
P Hy, € X0 9
N . /
A
FINy = {code(M) € U | [Hrm NN>®| < oo}  (Haq = halting set)
TOTALy = {code(M) € U¥ | (VX € N®°)(M(X) |)}
INCLy {(code(M) .code(N)) € UY | (Hm NN>°) C (Hy NN>2)}

1>

Hiped Halting problems for BSS RAM’s over A (cp. GaBner)



Complete Problems in the Second Hierarchy (Blue)

For BSS RAM’s — Computation over Several Structures

A: a finite number of operations & relations, all elements = constants.

TOTFINY exfP . > P
Aj
FINY exi® > TP > TOTALYY, INCLYY, CONSTYP
ANP
P et . > mMPs NP
A
TOTALY® = {code(M) | (V¥ € R®)(M (%) |)} (M e MYP)
INJYP = {code(M) | M computes a/an [super] injective function}
CONSTY®> = {code(M) | M computes a total constant function}
FIN'P = {code(M) | (Vi e N\ I)(Hpm NUy = 0) for some |I| < w}
TOTFINY® = {code(M) | (Vi € N\ I)(Hm N Uiy # Uy) for some || < w}
HYP = Halting problem for ND-machines over A (in M%)

INCLY, = {(code(M).code(N)) | (M,N) €My x MNP & Hpq C Hy'}

Mai=Ma, Man=Ma(H4) Masz=MsEP), Myg,=MPEY)



Summary
For BSS RAM’s — Computation over Several Structures

1st hierarchy:

FINy €3§ ¢ > T35 TOTALy, INCLy
A
Ha €50 ¢ ) > I
A1
2nd hierarchy:
TOTFINY exf® > mP
ANP
FINY ez > P> TOTALY, INCLY, CONSTY
AP
ND
P et ¢ ND> mP > INJY
A1

Thank you very much for your attention!
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