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Our BSS-RAM model
With input and output procedure

Minsky (1961), Scott (1967), Blum/Shub/Smale (1989),... (offline):
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Uniform Computation over First-Order Structures

Input and output procedures for -deterministic BSS RAMs over A

Input and output space: U =gt U,-Zl Uf4

Input of ¥ = (x1,...,x,) € UX:
X1 X2 X3 X4 Xn V1 Y2
l d d I l J J
Z1 | 4| Zz3| Z4 Zn | Znt1 | Zny2
L L] L| I I,
T 7 T 7 T
n 1 1 1 1

Note: Any machine can recognize the end of an input.

Output after a stop-instruction:
(C(Zl)7 U aC(Zc(Il))



Algorithms over First-Order Structures

o-programs for [in|finite .4-machines M

@ a structure A= Ux;ct,..,cniifiyesfmiTlse v stns)
e a finite signature o= (ny;my,...,mpyiki,... k)
e the first-order symbols PPN S A B I aie

Definition (o-program P, of an .4-machine)

1 :instruction;; ...; fp, —1: instructiongpM_l; lp,, : stop.

@ Any instruction; is a o-instruction.

@ The execution of P, is:
the stepwise transformation of configurations
by the transition system (S, —m).



Algorithms over First-Order Structures

o-instructions for infinite .A-machines M and transport instructions

Zi |\ 2| Z3 | Za| Zs | ... Z-reqisters (for individuals in U 4)

L| L| G| L] ...| Ik, Index registers (for indices in N )

Computation  £: Z; := f"(Z;,, .,iji) (1)
0: 7 :=cY (2)
Copy % Z]] =27, (3)

Branching  £: if r(Z;,,...,Z;, ) then goto ¢, else goto £,  (4)

Index C: I =1 (D)
O: I =1+ 1 (6)
¢: if I; = I then goto ¢; else goto ¢, (7)
Stop [: stop (8)




Overall States
Configurations of an .A-machine M

Definition (Configurations in S /)

(¢.V.u) :(f,ul,...,ykM,ul,uz,...Z

A

~~

a configuration of M

B L | L | L| ...| Ik, 2y | Lo | 23| Zy | Zs
index registers Z-reqisters
lely 7= e N'M = ) e UY
M UV Vlyeo s Viag 1 u up,up,... A

¢ alabelin L
v indices of Z-registers

u a sequence of individuals



Unit Costs by a Computational System for .A-Machines

Transformation of configurations of an .4A-machine M

Definition (Transition system for any .4-machine M)

Sm = (Sm, = m)

with a binary relation —  C S3,

defined below.

(cf. Introduction 2020, .. .; see also Borger for finite machines, . . .)



Unit Costs by a Computational System for .A-Machines

Transformation of configurations of an .4A-machine M

(£.v.u) —m (E+1.0. (w,..u-, i, -4, ) Wit - 2))

C.v.u) —m (CH+H1.7.(u,. .. u—1,CisUjt1,--.))

C.v.u) —m (UH+1.0. (ur, . Uy 1, Uy Uy 1y -))

¢: if rf."'(Zjl,...,ijl_) then goto ¢, else goto 4,

(flj Ijt) — M (6117 ﬁ) if (u]17 .,ujki)Er,
(Bﬁ ﬁ) — M (fzﬁ 17t) if (ujl,...,ujki)gri



Unit Costs of . 4-machines

Transformation of configurations of an .4A-machine M

¢: it [; = I, then goto /¢, else goto ¢,

L.v.u) —m (4 .V.n) if v, =14
L.v.u) —pm (br.U.n) if v; # 1
C: [ =1
C.v.u) —m (L+1.(v,... v, L, . ..) . 0)
C: [ = I +1
C.v.u) —m (L+1.(v,...,v-1, v+ L vy, ). i)
{p: stop




Semi-Decidable Decision Problems

Halting sets

Definition (Decision problems)
Any subset P C U (that contains all tuples) is a decision problem.

xe Uy M BSS RAM over A

Definition (Halting process)

M halts on input ¥ if ¢p: stop is reached [for some guesses].

M(X) " if M halts oninput X after ¢ steps [for some guesses].
M) ] if M(xX) | for some t.
M(X) 1 if M(X) | does not hold.

Definition (Halting set)

Hy = {Xe U | M(X) |} is the halting set of M.




Uniform Models for Complexity Theories

BSS RAMs over first-order structures

Properties (Uniform processing)

Inputs of all length can be (systematically) processed by one
machine.

Definition (Unit costs)

One application of — 5, is one step of M and has cost 1.




Complexity of BSS RAMs
Time complexity

)_c':(xl, ,xn)EUilO
y=01,---,ym) EUY
ot it M&) L
tm(X) = { oo if M(T) 1 (for deterministic M € M4)
tnsld) = t  if M(X) " forthe guesses yi,...,yn
MV = 0o i ME) T
tm(X) = qmli]n tam () (for non-deterministic M € M%)
cUZ




Complexity of BSS RAMs

Complexity classes for first-order structures

Definition (Polynomial time semi-decidability)
H q is semi-decidable over A in polynomial time if k(T € O(n*)).

Definition (The class P 4)

P4, = {P C U% | P is semi-decidable in polynomial time}

P4 class of all problems decidable in polynomial time

DNP_, class of all problems
digitally non-det. semi-decidable in polynomial time

NP4  class of all problems
nondeterministically semi-decidable in polynomial time



P 4-NP 4 Problems for First-Order Structures

Solved or unsolved

A P4 # DNP 4? DNP 4 # NP 4?
Ay =({0,1};1,0;;=) ? no
Ligg=ZL;Z;+,—;=) yes (Th. 5in [GaBner '01])  yeS, 27 € NP4 \ DNP 4
Zoa=(Z;Z; +,—; <) ? yes, 27 € NP4\ DNP 4
Rge=(R;R; +, —; =) yes (Th. 4 in [Koiran *94])  noO (Th. 2 in [Koiran "94])
R.=(R;R; +, —; <) ? no (Th. 10 in [Koiran "94])
R =(R;1;+,—,{d, |r € R};=) | yes (vel. [Meer *92]) No (Th. 14 in [Koiran *94])
Rlién - (R; I+, — {¢r "" S R} <) ? Nno (Th. 17 in [Koiran *94])
7= =(Z;Z;+,—,-; <) /s yes, 27 & NP4\ DNP4
= =(Q;Q+,—,; %) ? yes, Q¢ € NP4 \ DNP 4
R= =(R;R; +, —, ;=) ? yes, Rsq € NP4 \ DNP 4
RS =(R;R;+,—, ;<) ? 9
C =(GCC+,—, ;=) ? ?
or(x) = rx,

QY ={q*| g €Q},

See also Prunescu, ... .

RZQZ{FER|I"ZO},

27 = {2z | z € Z}.

The symbol ? means that I do not know more.



Known P 4-NP 4 Problems

NP 4-complete problems
Ao =ar ({0,1};0,1;;=)
The problem P = NP? (a Millennium Prize Problem) is open.

SAT € P?
SAT is NP-complete (see Cook 1971) = SAT € P implies P = NP.

Pc NP P=NP O Q\/) o — o
= [ @\>
Two cases Reductions on P, One reduction of P; to P,

R —df (Ra R; Tp %5 s :)
The problem Pr = NPRr? is open.

Uniy € Pr?
Unig is NPr-hard ( cf. BSS 1989) = Uni, € Pr implies Pr = NPk.




A new question (Poizat 1995): Is there such a structure of finite signature?

Poizat’s idea for answering his question: A new relation
2001 The recursive definition of a unary relation over trees

derived from SAT without identity (G., Dagstuhl 2004)
2008 The complete proof (G., Preprint 2004/1 Greifswald)
2004 A structure of strings with identity

fewer constructable (Hemmerling, Journal of Complexity 2005)

Embedding of structures to get P4 = NP4

2005 derived from SAT for structures with two constants
(G., Lyon 2005, CiE 2006)

2006 derived from SAT for structures with two computable individuals

(G., CiE 2006)
2007 derived from Uni for structures with two constants (G., CiE 2007)
2008 derived from Uni for groups (with one constant) (G., CiE 2008)

Now  derived from Uni 4 for structures A with or without constants
(G., Preprint 2019/1 Greifswald, ...)

= It is useful to consider the NP 4-complete problems Uni 4!



Complete Problems

over first-order structures

Properties (Certain halting problems)
Halt = {{input, machine) C U’ | (machine) halts on (input) }

Uni = {(input, machine, number) C U}’ |
(machine) halts for (input) after (number) steps }

Properties (Sufficient conditions for P4 = NP 4)
Let

Q@ Uniisin NP4 and

@ Uni is NP 4-complete.

If Uniis in P4, then P4 = NP 4.

= It is useful to consider universal BSS RAMs and
their complexity.



Some First Ideas

A universal machine of type 2 and the complexity of simulations

Let A = (U.A7 (Ci)iENl;fla S 7fn2;r17 0 o .,i"n3).

Here: Type 2 means encoding without constants.

Definition (Halting problems of type 2)

for machines without guessing, with binary guessing digits, with guessing
Hy = {@WM~) % codeny,(Pr)) EUR | MEMy & M(X) )}

HONP = {(GM~1) %, codep, (Pr)) € UR | M € MEND & M(X) |}

HYP = {(@M*) . X¥.codep,(Pm)) € UX | M eMYP & M(X) |}

v




Universal BSS RAMs

The simulation by a three tape-machines (cf. Introduction .. .)

Simulation of M by MOHD] ] Program of MOHD] ND |

— (3
ki v fonlt The program Py )
l:l = { @M=l eode, . (Pl ) 1: N := cantori(Np); C := cantora(Np);

Lp := max{m | pm|CY; (Zs,1,--., Z3,Lp) :=(Z11, ..., Z1Lp);

-U Tt oy A Input ywn (Zl=.'\'(>~:lv .. szl,:\'uﬂ\'} = (ZI-LI'+1! are :ZLL,w:N)? V= p‘i\'? L:=1;
: £+ if L= Lp then goto £7 else goto £y;
initinl configuration for Ad imitial f3: 8 :=max{s| pi‘()};
(L. 1).q (1 . (cantor(n, < (M) if p1|S then E) := max{e | p§|S}; ...;
W EaE ) FlEmseeer Tl (1 Yons s e ) if Pr+5|S then By 1= max{e | Pl 45/5}:
_U_ if By =1 or E| = 2 then Jy := No + Es;
w o if By =1or Ey =4 then {J; := Ny + Ey; .. .; Iy = Np+ Em“Jr;,};
machine My if By =3 or By =5 then {K := compg,_; Kj := compp, };
if By =6 or By =7 then K; := compp,;
erecutes the program P s £3: if By =1 then goto £1; ...; if Ey = 7 then goto fr;
—prTPRY . | picks oul 7 Jor the s b2 if Ba =1then Zy g, = fi" (Z1,0,.. ., 20 T )i e

if Bz = np then Z1.7, 1= foe 2 (Z1.011+ .1 21,7

); goto £y

g

erecutes program P, imutites M on i by: Zygy = ZsL; goto by

by Zy g, 1= Zy g, goto Ly

by B, =1& r;“ (Zrayae e, Zl..fk‘) then goto £ else goto £g; .. .;

if By =n3 & T,E::‘ (Z1,0y,--- ,Zl__;k"_‘) then goto #5 else goto £s;

£5 1 if K1 = K, then goto /5 else goto fg;

5. i Ky > No+ Lthen V=V + pR1 =Vl goto £y

b V=V pp;

£y: L:=L+1; goto {y;

f5: L:= FE3; goto f1;

£5: L= By goto fy;

f7: Ni=max{j|pl|V}; K1:=1,

[EE fs: if N> K then {Zy g, = Zyn, 1k, K1 = Ky +1; goto £5}; Ny := N;

- e - £y :  stop.
R g () o {attEd g L (Pa))

The subprogram K, := comp E, (given in form of a pseudo instruction)
if pe, |V then K := No +max{s | pi [V} else {V := V- pg,; Ky = No +1}

u Crutput , , A Cutput  wo

Respy = Res o 0 Resyy,




Encoding BSS RAMs M for their Simulation

Godel numbers for instructions

p1,p2, ... the sequence of all prime numbers (p; < p;y; fori,j > 1)
Wp.e code for the instruction with label ¢ in program P
Type | e1 ex ez es es ege7 --- e.. wp.e
(1) 1 i i J1 j2 i | 21 .3i.'1 1V-131.172 - . .p{;’zi%
(2) 2 j 22,11/
3) |3 j k 23.11/-13*
(4) 4 1 ¥V b, J1 J2 Jk 24.3i.50 .76 ..13]'1 1702 .. .pjklzi—i—S
(5) |5 Ol j ok 25.54.7%2.11/.13F
(6) | 6 J 26.11/
(7) |7 j 27.11/
8) |0 1




New Names for the Index Registers of MAP

The content of these index registers

the length ny of the input/output of MNP

the length » of the input of M (first, after the input)
the Godel number v,

the label of the current instruction

Cnm
c(ls1 ) . c (I

Dsi **Ps, 2 for the registers I, ..., I,

(s1 <---<syu < knp)of M
the code of the current instruction
the current values e;, ey, . ..
the values ng + es,ng + e, . . .
for computing indices (ngy + i)
for computing indices (ny + i)




A Part of the Program of MELP

Evaluation of index registers and

N := cantor|(Ny); C := cantory(Ny);

Lp = max{m ‘ pm|C}; (Zg)l, oo - 7ZS,LP) = (2171, .o 7ZI,LP);
(Zl,No-H? 500 7ZI,N0+N) = (ZI,LP+17 50 ¢ 7ZI,LP-|-N); V.= pjlv, L = 1,
if L = Lp then goto ¢; else goto /5;

§ = max{s | p}C}

if p1|S then E; := max{e | p{|S}; .. .;

If piny15|S then Ey, s := max{e | p, 5[S};

if £, =1or E;, =2then Jy:= Ny + Ejs;

if E; = 1or E; = 4 then {Jl :=No+ E¢; ...; I, := No —|—Em0_|_5};
if E; =3 or E; = 5 then {K; := comp_; K, := comp,_};

if Ey =60r E; =7then K; := compg, ;

if E; = 1 then goto /;; ...; if E; = 7 then goto /5;

if £, = 1 then Zl’JO = {nl(Zl,J”---;Zl,Jml); ce e
if £, = n, then ZI,JO Z:fy’:;nz (ZLJ17 ce ,ZLJng); goto 64;

/] Jo = Z3’L; goto ly;

/1 K = Zl,Kz; gOtO 64;




Subprograms

Pseudo index instructions

Examples (Pseudo index instructions and their complexity)

~

=1 - Iy,

¢: if I < I, then goto /; else [; := I} — I,

¢: it Iy < I, then goto /¢, else I; := I} + I,

0: I; := cantor(Iy, Ir,)

0: I := cantory ()

0: I := cantory(Iy)

¢: if I,|I, then goto /; else else goto ¢,

0: if Iy|I, then I; := max{j | E,|I;} else goto £,
C: I :==py,

C: I ::pf"

p~v=max{s e Ny |s-v<pu}forall v,y e Ny withv <pu
v|u means that v is a divisor of

cantor(p) = py and cantory () = po it p = cantor(py, )
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