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Overview of the Axiom of Choice (ZFA — HPL)
Zermelo-Fraenkel Set Theory with Atoms — Second-Order Henkin Interpretation

ZFA HPL

H1 6−→ H2 means that H1 → H2 If we find neither H1−?→ H2 nor,
does not hold in ZFA. for a statement H3, H1 −→ H3 and H3 −→ H2,

then H1 → H2 is not deducible from hax.
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(1) cf. Mostowski
(2) cf. Halpner and Levi
(3) cf. Levi cf. Gaßner
(4) cf. Felgner and Jech

ZL Zorn’s Lemma TR Law of Trichotomy
KW Kinna-Wagner Axiom LO Ordering Principle
MC Axiom of Multiple Choice LW Well-Ordering Principle for totally ordered sets

(Definitions and further results in Gaßner 1984 /1994)



Hilbert-Ackermann Axioms and Well-Orderings
Σ0 |= choice1,1

h +¬WO1

Definition ((1+1)-choice, cf. Asser, Hilbert, Ackermann)

Let choice1,1
h be the set of all formulas choice1,1

h (H) for which the
variables x and D occur only free in H(x,D).

choice1,1
h (H) =df ∀x∃DH(x,D)→ ∃S∀x∃D(∀y(Dy↔ Sxy) ∧ H(x,D))

Theorem (Asser 1981)

choice1,1
h → AC1,1 holds in all Henkin structures of second order.

Question (J. Shapiro and P. Mancosu, 2018)

Is there a Henkin structure Σ with Σ |= choice1,1
h + ¬WO1?

Theorem (Gaßner: Answer 2018/Proof 2019)

For the Henkin structure Σ0 holds Σ0 |= choice1,1
h + ¬WO1.



Second-Order Henkin Semantics and AC
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