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Motivation

Fix a prime p and a space/anima X . Write S[X ] := Σ∞
+ X and

Fp[X ] := C∗(X ;Fp).

Question

Can we recover S[X ]∧p ∈ Sp∧p from Fp[X ] ∈ ModFp?

Always have
S[X ]∧p ⊗ Fp ≃ Fp[X ]

but there no way to go back without more structure, e.g. S[RP2]∧2
is not free over over S∧2 .
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Coalgebras

Idea: Coalgebra structure on homology rigidifies the situation.

For any E∞-ring R have Eilenberg-Zilber(
X

∆−→ X × X
)
⇝

(
R[X ]

∆−→ R[X ]⊗R R[X ]
)

aka R[X ] ∈ cCAlg(ModR).

Refined Question

Given X , what is the space of (A, η) where A ∈ cCAlg(Sp∧p ) and
η : A⊗ Fp ≃ Fp[X ]?
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Formally étale coalgebras

Let R be an E∞-ring. To any R-coalgebra A, we can associate a
coalgebra

LA ∈ cCAlg(ModR)A/A

which controls deformations of A. We call A formally étale if
LA ≃ A.

Proposition

Formally étale coalgebras admit unique lifts against square zero
extensions R ′ → R i.e. we have

FibA (cCAlg(ModcnR′) → cCAlg(ModcnR )) ≃ ∗

Theorem

For any (connected) space X the coalgebra R[X ] is formally étale.
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Result

The map q : S∧p → Fp induces an adjunction

q∗ : cCAlg(Sp∧p )⇆ cCAlg(ModFp) : q∗

Theorem

The right adjoint q∗ induces a fully faithful functor

W : cCAlg(ModcnFp
)fét → cCAlg(Sp∧,cnp )

such that W(Fp[X ]) ≃ S[X ]∧p for any (connected) space X .
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