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Thm(Lichnerowicz (963) : -scalar currative
X closed Riemannian spin mid with S(X)30 for all xeX.
Then 0 = EIX) etth
& Hirzebruch's E-genus of X

Rem : i)X admits a spin structure Texas trivialX orientable and0 =wz(X) (x;

ii) spin assumption essential since EICP2) = -E
,
so for the standard metric

iii) F(X) = index (DX)
↑ M& Dirac operator on X

Atiyah-Singer IndexTheorem

Conjecture (Hoehn, S. 1996) X closed thiem , string mid with Ric>0 forall x X.
a

Then 0 = Wit(X) = Wo(x) +W(q +W(X)g ... C[q] Ricci curvature
X 11

Witten-genus ofX F(X)

Rem:i)X admits a string structure TX istrical X Spindo= x(x)cH
*
(X;E)

2x(X)=G, (X)ii) string assumption essential : Wit(p)to ,
butRic >o



Rem : Witten offered two interpretations of Wit(X) :
⑨ Wit(X) = S'-equivariant index of the Dirac operator Dy on

LX = 5W : S -X3 free loop space of X.

③ Wit(X) is the partition function of a 2-dimensional QFT EX,
the supersymmetric non-linear 5-model of X , i.e . for q = eitte
Wit()(9) = *x)4z +zi) eKn= dimX

,
K- holomorphic line ball,

SLc(z) - equivariant
Results concerning Day resp. Of that might be useful for proving the conjecture ·
ThmA(Tambes 1989) : 7 S'- equivariant operatorDy with index (DX) = Wit(X).
Problem : String condition not needed for construction !
ThmB (Costello 2010

,
Gorbonnov-Guilliam -Williams 2020) :

72-dim QFT ex with partition function Wit(X) for complexmed
X with 0=p, (x)eHQ)

Problem : Construction requires a complex structure on X, but no thiem ,

metric

ThmC(Bertram Arnold's thesis
, 2022) Same as above

,
but withRiem

,
metric instead ofo structure

Suspected problem : the assumptions Spin &0 =X(L Y(XiE) are needed for conjecture.



Tool used to construct the QFT S
X
of ThmB & C :

Input Output

a classical field theory perturbative Factorization algebra Obst of
consisting of : quantization quantum observables on M

,
i.e.

· a spacetimemanifold M
· a space of fields FM procedure Y functorObs:Open (I Theof Costello- ucM cochain

.

open· an action functional S:Tn+R Guilliam morphisms :I 2 cochain maps
↑ with properties

-homological approachto quantization described in the books :· multiplicativity : U,
V disjoint

Renormalization and effective FieldTheory, Costello 2011 Obs(u)Obsi(V)= Obs(IV)
W
.
e
.

Factorization algebras in QFTs, Costello-Guilliam, · Cosheaf property (expressing locality S
Vol

.
I (2017) , Volt (2021

of quantum observable

Ex : particle moving in a Riemannian mid X
· M = R classical fields = [critical points of 53 =Egeodesics inX3TX
· Fi= (R ,X) y+> ((o),v)

algebra of classical observables = Classical Gelds)=C(TX)· S : (
P

(R
,
X) + He

algebra of quantum observables =Dx= algebra of diff. opsonXS(d) := SpIdPRdx acts on the rector space (
*

(X) (of quantum states)



Ex : the ID free boson
,
aka particle moving in a real innerproduct space V

M=R
,UM

, FM= CY(u
,
V)
,
S(a = S($()dx = S($

,A0> dxI
U

Crit(s) = (geodesinv =kr((vv)V for U = (a,b)

~q.. (t++ q+tp)( (9 , p)

cochain complex of BV-fields EM: = (CO(UV) (
,V1)

deg O I

Facts : motivates
1) W rectorspace , WV : = Hom (W,) =Elinear functions onWS Definition :Epolynomial functions on W3 :=Sym*(W)= Sym"(w)

Obs"(M) := Sym(E(u)[1])2) Ev := dual to E

deg - L
V

O cochain complex of classical observables
v

EV(D= (C
*

(M
,
V) A Co(U

,
v( gives factorization algebra-> VI

~ &95. [ ↓
& obson R.

E()(i == (CG(u ,v) -> C(v)) -

note : HoObs" ((aib) = Sym
*

)HEc(ul[i]= SymY(NOV) = C (a, -, 9n , PicviP] < C
P

(TV)
--
positions momenta



- 8

↓
EcCuli = (Cir) -> C(V) 30

,43 :=SPTAX pairing of degee+
& U

I ↑

extend to a pairing 5
, 3 of deg + on Sym*(E,(1) which is a derivation in both
- degree + 1 Poisson bracket on E,(U) (1)

slots
-

determines a unique homomorphism of degree +

ABy : Sym(EM)(D) -> Sym
-

(E, ]) called BV-Laplacian char. by

- Bulalb = aAsu(b) + Ea ,b3Apr (ab) = N
Q := differential on Sym

*
(E
,
>(1) induced by differential on ECU) [1]

Fact :QAzy is again a differential ,
i

.e. (Q+ Abr)
=

= 0
-

Def : Obs(u) := (Sym* (E, (D) , Q+ Azv) A Thealgebra
structure it

does NOT

incluce an algebra structure

usu Ur 1 - Obstudobs(1)+Obst) on HoObsicu)
,
SinceA-

-
chain map is not a derivation.

=> HoObsu ,) Hobs(42) -> HoObs(2) (*)



Facts :

i) Obst is a locally constant factorization algebra on th , i. e.
(a ,b) (c

,
d) = HoObs((a

,b) Es HoObs((c,d)
in particular , the map (*) given by "stacking of intervals"
gives (obsi[R) an algebra structure.

ii) Weyl algebra with differential operators
Hobs) = Fors 911-- ,quip-iIn E

with polynomial coefficients
genera
and relations [Pi , 9j] = Sij

on v

iii) Obs' can be extended to a bulk-boundary factorization algebra by

defining Obs"
. ([a ,b) as above but using Neumann boundary conditions

at a for the complex E.
iv) Ho Obs"([ab)) = Sym

*

(VV) = Cq-
, 9n] is a module over Hobs"(M)

via stacking. This give the standard structure of [9, .... 9n] as
module over the Weyl algebra



Variation :The ID free fermion
M = R Spen
deg O [

- I S

dEm :=(c
,
v1 +He v) E

,
Mill : = (H(u ,

v) - ! (u
,v)

↑

parity reversal chain o,

of linear observables
chain c. of fields equipped with pairing 5

,
3 of deg +)

Obs" (2) := Sym
* (E
,
(n) (1) 1 obs"(b))= Sym/TiVY= AY

z)2-graded alg
Obs(n) : = (Sym*(EM)[]) ,Q+Azu) fact : HoObs ((ab)= C(V) =T(VYvov

=>

boundary conditions ? - ↑ Clifford algebratrue
need subspaces LCV which are algebras ture

algebra isom.
given by

Lagrangian , i. e. Lt= L . There are none stacking of
since bilinear form on V is positive definite. intervals

Trick : replace V by W : = - MeV
--

heg.Posunite



For a Lagrangian LCW define

E((a ,
b) by using boundary condition (a) e L for b (

*

(19,b),v).

Obs& (a ,b) : = (Sym*(E
,

cabi)(1)
,
Q+Azu

Prop : Hobbs (a ,b)
~ R = E Fockspace
-

module structure as Cl(W) - modules
C(W)OCC

ENL since bilinear from
given by stacking vanishes on L
Liber bundle F withAber E over Le Lag(w)

↓
SLcW/c=23 =: Lag(w) = OCRY v7 : = Shesometi03
has structure group / (since Fy is an irreducible S(W)

- module)
=>J flat connection

, holonomy on Lag (w) = SO(R", v) is nondicial.
Pulling back to-finialdouble covering 50,

v) + SOCD"
,
UI

allows a natural identification of Spin structure on V

HoObs? ([a,b)) and HoObs(aib) for L,LELag(w).
Upshot : a spin stucture on V allows to extend the I free fermion to a balk-boundary theory.



Conjecture : A string structure on V allows to extend the 2D free
fermion to a bulk-boundary theory.


