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Motivating Question

For which spaces X is H�
shpX ; Rq � H�

singpX ; Rq?



Conventions

� X topological space

� R P E8-Ring

� D :� ModRpSpq



The Statement

Def: X is R-cohomologically locally connected iff

@x P X : colim
UQx

H̃�
singpU; Rq � 0
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Thm: X is R-cohomologically locally connected iff

OpenpX qop Ñ D ; U ÞÑ |C�
singpU; Rq|

is a hypercompletion of R P ShpX ;Dq.
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Cor: If R is discrete or X is of finite homotopy dimension TFAE:
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Consequences

Cor: If R is discrete or X is of finite homotopy dimension TFAE:

� X is R-c.l.c.

� @U P OpenpX q : H�
shpU; Rq � H�

singpU; Rq P Ab�.

� @U P OpenpX q : ΓpR; Uq � |C�
singpU; Rq| P E8-Ring.



Central Ingredient

Thm: [Dugger, Hollander, Isaksen 2006] The map

OpenpX q Ñ S ; U ÞÑ τpUq :� |Sing�pUq|

satisfies (co)descent w.r.t. to all hypercovers.
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Thm: [Dugger, Hollander, Isaksen 2006] The map

OpenpX q Ñ S ; U ÞÑ τpUq :� |Sing�pUq|

satisfies (co)descent w.r.t. to all hypercovers.

Cor: The map above lifts to a cocontinuous functor

ϕ : ShpX q ÝÑ S{τpXq
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D

�� ��
ShpX q bD

ϕ b idD // S{τpXq bD
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The Proof

D

ShpX q bD
looooomooooon

ShpX ;Dq

Γp�;Xq

CC

S{τpXq bD
looooomooooon

DτpXq

pϕopq�oo

limτpXq

[[

ù unit morphism ηR : RShpXq ÝÑ pRτpXq � ϕ
opq
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The Proof

� DK ñ pRτpXq � ϕ
opq � limτp�qR � |C�

singp�; Rq|.

� Thm. ñ pRτpXq � ϕ
opq is a hypersheaf.

� Check iso. on stalks of homotopy sheaves:

π�cofibpηR,xq � colim
UQx

H̃�
singpU; Rq
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Mixed Künneth

Prop: If X is locally contractible and Y is any space then

ΓpRX�Y ; X � Y q � ΓpRY ; Y qτpXq
loooooomoooooon

ΓpRX ;Xq b ΓpRY ;Y q

Cor: The projection I � Y Ñ Y induces an equivalence

ΓpRI�Y ; I � Y q � ΓpRY ; Y q


