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Motivating Question

For which spaces X is H}(X; R) ~ H} ,(X; R)?

sing



Conventions

» X topological space
» Re E,-Ring

» D := Modgr(Sp)



The Statement

Def: X is R-cohomologically locally connected iff

Vxe X : colim H% (U;R) ~ 0
Usax
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The Statement

Def: X is R-cohomologically locally connected iff

Vx e X : colim H*
Usx

sing(U; R) ~0
Thm: X is R-cohomologically locally connected iff
Open(X)® =D ; U |C§,(U; R

is a hypercompletion of R € Sh(X; D).



Consequences

Cor: If Ris discrete or X is of finite homotopy dimension TFAE:
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Consequences

Cor: If Ris discrete or X is of finite homotopy dimension TFAE:
» Xis R-c.l.c.
> YU e Open(X) : Hi(U; R) ~ Hf,,(U; R) € Ab*.

> YU e Open(X) : [(R; U) = [CZ,,(U; R)| € E.-Ring.



Central Ingredient

Thm: [Dugger, Hollander, Isaksen 2006] The map
Open(X) -8 ; Uw 7(U) :=|Sing, (V)|

satisfies (co)descent w.r.t. to all hypercovers.



Central Ingredient

Thm: [Dugger, Hollander, Isaksen 2006] The map
Open(X) -8 ; Uw 7(U) :=|Sing, (V)|

satisfies (co)descent w.r.t. to all hypercovers.

Cor: The map above lifts to a cocontinuous functor

@ Sh(X) — 8/7(x)



The Proof

p ® idp

Sh(X)® D S/T(X)®®



The Proof
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The Proof

D
r(—:X) limz )
(pP)*
Sh(X)® D S/T(X)®®
— —
Sh(X;D) DO

v unit morphism ng : Rgyx) — (R, (x) © ©™)



The Proof

» DK= (R, (x)© %) ~lim,

~|C

smg( '



The Proof

> DK= (R;(x)© ¢®) ~ lim,(

> Thm. = (R, x o ¢™) is a hypersheaf.

~ [Ch (= R



The Proof

» DK = (BT(X) l¢] LPOP) o~ llmT(_)R | slng( y )|
> Thm. = (R, x) o ¥®) is a hypersheaf.
» Check iso. on stalks of homotopy sheaves:

mxcofib(ng x) ~ cghm Az (U; R)

sing



Mixed Kinneth

Prop: If X is locally contractible and Y is any space then

F(Bxxyi X x Y) = T(Ry; ¥)"™



Mixed Kinneth

Prop: If X is locally contractible and Y is any space then

F(Bxxyi X x V)= T(Ry; V)™
[ —

r(B)(QX) ® r(Byiy)



Mixed Kinneth

Prop: If X is locally contractible and Y is any space then

F(Rxxyi X x V)= T(Ry; Y)™™
—
F(Bxix) ® F(BV?Y)

Cor: The projection / x Y — Y induces an equivalence

F(Bixyi I xY) =T (By;Y)



